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PREFACE 

The Rhodes College Science Journal  is a student-edited, annual 
publication which recognizes the scientific achievements of Rhodes 
students. Founded eight years ago as a scholarly forum for student 
research and scientific ideas, the journal aims to maintain and stimulate 
the tradition of independent study. We hope that in reading the journal, 
other students will be encouraged to pursue scientific investigations and 
research. 
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THE LOGISTIC FUNCTION: 
BIFURCATION DIAGRAMS, gARKOVSKIPS THEOREM, 

FEIGENBAUM'S NUMBER, AND CHAOS 

DAVID ASSAF, IV 

Research funded by the Pew Mid-States Science and Mathematics Consortium 
Student Research Program (1990) under the supervision of Dr. Steve Gadbois 

ABSTRACT 

Here various phenomena associated with the logistic function f(x) = px(1 — x) 
are examined for the purpose of gaining an understanding of the relevance of this map 
in the field of nonlinear dynamics. Attracting and repelling fixed points and "cyclesare 
studied to explain the logistic bifurcation diagram (the graph of the attracting .cycles in 
terms of p ranging from p = 0 to p = 4). We also discuss the work of M. Feigenbaum 
and A. g arkovskii as it relates to the logistic function and we conclude with a discussion 
and definition of chaos, which ensues when p > 4. 

INTRODUCTION 

The study of dynamics involves the examination of the iterates of functions. 
"Iteration" just means "repeated application". For example, if one repeatedly presses 
the cosine key on a calculator (in radian mode), one is iterating the cosine function; the 
result is always 0.73908513, no matter what the starting value is! Later we'll call this 
an attracting fixed point and we'll see why this happens. 

The field of nonlinear dynamics is full of surprises and is not completely under- 
, 

stood. Perhaps the simplest type of nonlinear equation is the quadratic. In particular, 
we fix a positive number p and deal with the "logistic equation" f 1,(x) = px(1 — 
Note that the graph of fµ  is an inverted parabola passing through the points x = 0 and 
x =1 (figure 1.1). We will see that different values of p lead to very different behavior. 

Figure 1.1. Graphs of f it (x) = px(1 — x) for several values of p 
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The logistic function has been used as a model of population growth. Let Pr, 

denote the size of a population in the n th  generation. If we assume that the population 
in the (n +1) th  generation is proportional to that in the n th , we have P -n+1 = cPn . But 
this simple model would not take into account any limit imposed on the population, 
whereas the model Pn+i = kPn (L— Pn ) does. Notice that for Pn  small compared to L, 
this second model is like the first, but when P n  is large, the (L — Pn ) term dominates 
and the model predicts a sharp decrease in the population. Depending on the value of 
k, many different behaviors are possible: stability, periodicity, or "chaos". These ideas 
will all be made clear later. It should be noted that many more complicated functions 
share certain properties with the logistic function, so that by studying this simple model 
we can often gain knowledge about others. 

The following language will be used throughout and is not restricted to the 
logistic function. 

The iterates of a function f are denoted by fn, and are defined by r(x) = x, 
p (x) 	1(4  f2(x) = f(f(x)), f 3 (x) = f(f(f(x))), and so on. (This notation is 
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commonly used, but it can lead to confusion. The function f n  has nothing to do 	 0 
with powers or derivatives!) Note that the n th  iterate of any quadratic function is a 	 0 
polynomial of degree 2'. The "orbit" (more precisely, the "forward orbit") of a point x o 	 0 
is the set consisting of x o  and its iterates x 1  = f(x 0 ), x2  = f2 (x 0 ) = f(x i ),.... 	 0 

	

A point x is "periodic" if fn(x) = x for some n, and the least such n is called the 	 0 
"period" of x. A point with period 1 is called a "fixed point". It should be noted that 	 0 
if fm(x) = x and fn(x) = x, then f k (x) = x, where k is the greatest common divisor 	 0 
of m and n. (This is a consequence of the Euclidean algorithm.) 	 0 

	

Suppose that p is a fixed point for f. Then the graph of f crosses the line 	 0 
y = x, which we refer to as the main diagonal, at the point (p,p). The behavior of f 	 0 
near p is determined by the value of f'(p); this value is sometimes called the "Floquet 	 0 
multiplier". If f' (p) > 1, then p is called a "repelling fixed point" and if LPN < 1 , 	 0 
then p is called an "attracting fixed point". Otherwise, p is called a "neutral fixed 	 0 
point". The reason for these terms is that when f has a continuous first derivative 	 0 
(as in the case of our logistic function), the behavior of f near p is just as the name 	 0 
implies. . For example, suppose that ifi(p)1 < 1. Then by continuity of f', there is 	 0 
some A < 1 and some e > 0 such that if i (y)1 < A whenever ly pi < 6. Hence by the 	 0 
mean value theorem, whenever ix — PI < e, there is some y between x and p such that 	 0 

If(x) 	= 11(x) - f(P)I = 11(Y)11x -PI < Aix —pi and hence If n (x) —  PI < A n is PI 	 0 
so that fn(x) —3 p as n —* oo. By expanding in both directions the interval (p — c,p + e) 	 0 
thus obtained, we obtain a maximal interval U, called the "basin of attraction" of p, all 	 0 
of whose points are attracted to p. 	 0 

	

We claim that U is an open interval. To see this, fix any x E U and any e > 0. 	 0 
Because x E U, there is some N such that ifn(x) — pi < 6/2 whenever n > N. Because 	 0 
f N  is continuous at x, there is some 46 > 0 such that if N (x) — f N (y)I < e/2 whenever 	 0 
ix — yi < S. So whenever ix — yi < (5, 	 0 

If N (y)-pl 5. If N (Y)- f N (x)I+ If N (x)-PI < c/2 + 6/2 = E,  
0 

so that U contains f N (y) and hence also y (because U is maximal), as claimed. (This 	 0 
open interval U could be unbounded in one or even both directions.) O 

0 
O 
O 



We will also speak of attracting periodic points and repelling periodic points. 
In this case, iterates are drawn into or repelled from a number of points. We say, for 
example, that two points form an "attracting two-cycle" when the forward orbit of point 
settles down to an alternating sequence of two values. 

It is often convenient to do graphical analysis as illustrated in figure 1.2. 

X
3  x2  x 1  x0  q 

Figure 1.2. Graphical analysis for an arbitrary function 

Here, q is a repelling fixed point (the slope at q is greater than 1), p is an attracting fixed 
point (the slope at p is less than 1), and the iterates of the point x o  (labeled x l , x 2 , ) 
approach p. 

Now we can also explain the behavior of the cosine function, mentioned at the 
beginning of this section. Graphical analysis reveals that there is exactly one fixed point 
of f (x) = cos x, namely p ti 0.73908513 (see figure 1.3), and since f 1 (P)I = I —sinpl < 1, 
it is an attracting fixed point. Its "basin of attraction" is the entire real number line 
since any point gets mapped immediately into [-1, 1] and further iterates approach p. 

One final observation will be used later. When the chain rule is applied to the 

nth iterate of a differentiable function f , one obtains 

(fl(x)= (P-1 (x)) • f' (fn -2 (x)) 	 f'(f(x)) • f'(x). 

So x is a critical point of f n  if and only if f k (x) is a critical point of f for some k 
between 0 and n — 1. 

I wish to thank Paul Humke, Amy Kolan, and Michael Vinson for many useful 
insights, Steve Gadbois for his patience, and Trey White for his help with the figures. 
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Figure 1.3. Graphical analysis for the cosine function 
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THE LOGISTIC BIFURCATION DIAGRAM 

Suppose a value of it between 0 and 4 is fixed and a starting value of x between 	 0 
0 and 1 is chosen. Consider iterating the logistic function f i, and plotting all but the 	 0 
first few iterates. Now, if we vary it on the horizontal axis and plot the values of x on 	 0 
the vertical, we generate the "bifurcation diagram" shown in figure 2.1. Figure 2.2 is 	 0 
a magnification of the portion from ,u = 3 to 12 = 4. So the diagram is essentially a 	 0 
"graph" of an attracting cycle (when one exists) in terms of 	 0 

Here we used a starting value of x = 0.1 (though that has no real role) and we 	 0 

started plotting after the four-hundredth iterate in order to give the iterates time to 	 0 
"settle down". 	 0 

The program (written in TrueBASIC for the MacintoshllCX here) to generate 	 0 

the bifurcation diagram is a simple one, and is easily adapted for other functions. 	 0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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0 
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LET bottom = 
LET top = 1 
LET left = 0 
LET right = 4 
LET iterl = 400 
LET iter2 = 800 
LET hres = 640 
LET increment = (right-left)/hres 
SET WINDOW left, right, bottom, top 
FOR mu = left to right step increment 

LET x = 0.1 
FOR i = 1 to iterl 

LET x = mu * x * (1 - x) 
NEXT i 
FOR i = iterl+1 to iter2 

PLOT POINTS: mu, x 
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Figure 2.1. The entire bifurcation diagram of the logistic function 
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Figure 2.2. The interesting part of the bifurcation diagram of the logistic function 



LET x = mu * x 1 - x) 
NEXT i 

NEXT mu 
END 

The nature of repelling points and the unavoidable fact of computer roundoff 
prevent any direct plotting of repelling points and repelling cycles. However, the fol-
lowing result says that our plot does include everything else of interest, for in the case 
of the logistic there is never more than one attracting cycle. There may be none. 

THEOREM. For any 0 < u < 4, the logistic function f t, has at most one attracting 
periodic orbit. 

PROOF: Suppose that p is an attracting fixed point of f;. Let U = (a, b) C (0,1) be 
the maximal open interval about p in which points approach p under the action of fp'. 
Since U is maximal and fmn(U) C U, we have either fµ (a) = fµ (b), fµ (a) = a and 
f;(b) = b, or fµ(a) = b and = b and f;:(b) = a. 

If fµ (a) = fµ (b), then there is a critical point of f; in U. If f t7(a) = a 
and fpn(b) = b, then there exist points c and d with a < c < p < d< b and 

(g) (c) = (f (In ) (d) = 1. But (47) (p) < 1 and (g) can not have a positive local 

minimum (see lemma 11.5 in [D]), so (47) 1  must equal 0 somewhere between c and d. 
Thus, in this case too, there is a critical point of fpn  in U. Finally, if fµ (a) = b and 
fi,"(b) = a, then f 1,2 n(a) = a and fii2 n(b) = b, and the argument just given shows that 

there is a critical point of fr in U. 
Now suppose that p is attracting of period 1 and that q is attracting of period m. 

Then there is an n (e.g., n = /m) such that p and q are both attracting fixed points 
of f;. Let U be as above for p and let V be the corresponding interval for q. Then 

U and V contain critical points u and v respectively of f p2 n, so by the chain rule, 

f (f is,(u)) = 0 and f (f µ(v)) = 0 for some 0 < s, t < 2n. But then f isi (u) = f izt (v) = 1/2, 
so :snj 

(

u) = ftn j(v) for every j. Hence p = J im  fsio(u) = iim  ftni( v) = q.  (Note 
j—*oo 

(fs)nj = fsnj = (fn)sj .) So there can be at most one attracting periodic orbit, as 
claimed. 

We are now ready to study the bifurcation diagram. Its beginning is easy to 
understand: we can actually label some points and find equations of some curves. 

Suppose first that 0 < u < 1 (figure 2.3). Solving fµ (x) = x for x, we discover 
the two fixed points x = 0 and x =1 — 1/ it. (The second of these is negative for now.) 
Since I ft,,1 (0)1 = t < 1, we see that x = 0 is attracting. Thus the corresponding portion 
of the bifurcation diagram is the horizontal piece at x = 0 from it = 0 to p = 1. 

When it = 1, the two fixed points are the same, and x = 0 is neutral. A "saddle 
node bifurcation" takes place at this value. 

Now suppose that 1 < p < 3 (figure 2.4). We have the same two fixed points, 
but x = 0 is now (and forevermore) repelling while x = 1 — 1/p is attracting since 
Ift,' (1 — 1/p)i = it12/11 — < 1. Thus the corresponding portion of the bifurcation 

diagram is the piece of the curve x =1— 1/tt from it =1 to p = 3. 



Figure 2.3. A typical graph of the logistic when 0 < µ < 1 

I 

Figure 2.4. A typical graph of the logistic when 1 < µ < 3 

When it = 3 (figure 2.5), the first "period doubling bifurcation" takes place. The 
fixed point x = 2/3 is neutral. The derivative of the function there is —1, hence by the 
chain rule the derivative of the second iterate there is +1. Note the behavior of the 
second iterate at that value. 

Now suppose thatµ is slightly larger than 3 (figure 2.6). The two fixed points 
have become repelling. So they are also repelling fixed points of the second iter-
ate f 2  but there are two other points which form an attracting two-cycle for f,,. 



Figure 2.5. The graph of the logistic and its second iterate when p, = 3 

Solving fµ(x) = x for x, we discover the four fixed points x = 0, x = 1 — 1/p, 

x = 1/2+1/2p+ V 2  — 2p — 3/2p, and x = 1/2+1/2p — Vp 2  — 2µ — 3/2p. These lat- 

ter two are thus also the equations  of the two branches of the diagram starting at p = 3. 

Substituting x = 1/2+1/2p ± Vp 2  — 2p — 3/2p into (f 1,2 )'(x) = —1, we eventually get a 

fourth degree polynomial inµ whose only positive real solution isµ = 1+V ti 3.449499. 

This is the exact value of p at which the new two cycle ceases to be attracting. 

Figure 2.6. A typical graph of the logistic and its second iterate when 3 < p < 1 + 
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As p increases, the period doubling bifurcations continue. We write ti n  for the 	 0 
value of the n th  bifurcation point, where an attracting orbit of period 2' 1  becomes 	 0 

an attracting orbit of period 2. Thus 	 •pi  < p2  < /13  < • • • •; we have already seen 
that p i  = 3 and 1,t 2  = 1 + N/g. We also write 1u„„ = Ern p„. Here are a few of the 

n—roo 	 0 
values of p n . One way to get these is to set the appropriate iterate equal to x, set 	 0 
the corresponding derivative equal to —1, and solve these two equations in x and p 	 0 
numerically. 	 0 

= 3 	 0  
/1 2  = 1 + \/6Ps-,-• 3.449490 	 0 

/1 3  ti 3.544090 	 0 

/14 R.: 3.564407 	 0 

/25 ti 3.568759 	 0 

/16 3.569692 	 0 

//7 3.569891 	 0 

/1 8  3.569934 	 0 

ARKOVSKIPS THEOREM 

In this section we will state 8arkovskii's theorem, show its relevance to the bi-
furcation diagram of the logistic function (indeed, to that of many functions), give an 
easily-generalized example showing that Sarkovskirs ordering is strict, and show the 
idea behind a proof of the theorem. 

Consider the following ordering of the positive integers: 

3 t> 5 t> 7 r> 9 t> • • • 

t>3 • 2 r> 5 • 2 0. 7 2 t> 9 • 2 t> • • - 

>3 • 2 2  t> 5 • 22  t> 7 • 2 2  t> 9 22  t> • • • 

>3 • 2 3  t> 5 • 2 3  t> 7 . 2 3  t> 9 • 23  r> • • 

• • r> • • • r> 2 3  t> 2 2  i> 2 r> 1 . 

a 
a 
a 
O 

a 
a 
O 
0 
a 
O 
O 
0 
0 

0 

t cx, 3.569946 	 0 

See Jackson [J]. 	 0  
In 1978, Feigenbaum used a hand calculator (!) to examine the spacing of the 	 0  

p n 's, and discovered that the ratio of successive spacings, 	 0 
0 

itn+i — [In 	 0 

tin+2 	itin+1 

seemed to have a limit whose value is approximately S = 4.6692016. He then proved 
that this was indeed the case. This new number S is known as Feigenbaum's number, for 	 0 
Feigenbaum also showed that the same value occurs for any function of a certain type. 	 0 
See [Fel], [Fe2]. In the next section we discuss this class of Feigenbaum functions, as 	 0 
well as certain other functions. 0 



In 1964, garkovskii discovered an amazing phenomenon [S]. His published results went 
undiscovered by other mathematicians for several years. Since 3 occurs first in this 
ordering, one implication of garkovskii's theorem is that "period 3 implies chaos" [LY]. 

gARKOVSKII'S THEOREM. For a continuous function f : R —4 R, if m t>•n and if f has 

a point of period in, then- f has a point of period n. 

For a theorem with such a simple hypothesis, the conclusion is remarkably strong. 
Note, however, that the theorem says nothing about whether the periodic points are 
attracting, repelling, or neutral. 

Two observations need to be made before showing how Sarkovskii's result applies 
to the bifurcation diagram. First, when a periodic cycle first appears, it is attracting. 
Second, after a period cycle appears, it persists (continuously) for all larger tt values. 

(It may cease to be attracting, but it will still exist.) Now, when we study the logistic's 
bifurcation diagram, we find that attracting periodic orbits appear in precisely the 
reverse of the garkovskii ordering. At it = 1 + Nig Pe, 3.828427), the main 3-cycle 

appears, and forµ > 1+ Vr3, cycles of all orders exist (though as we have seen, at most 
one is attracting). It can be proven that garkovskirs ›-ordering is strict in the sense 
that when m t> n, there is a continuous function with a point of period n but no point 
of period m. 

The rest of this section is devoted to a proof of the special case of garkovskii's 
theorem that says that for a continuous function f : R R, if f has a point of 

period 3, then for any n, f has a point of period n. We will use two lemmas. Both are 
consequences of the intermediate value theorem, which is a consequence of the continuity 

of f. 

LEMMA 1. Suppose thatf:R--4 R is continuous, J is a closed interval, and f(J) D J. 

Then there is a fixed point off in J. 

The idea of the proof is to look at an inverse image of each endpoint of J. They 

lie on opposite sides of the main diagonal, so continuity of the function guarantees a 

crossing. 

J 

Figure 3.1. The idea of the proof of lemma 1 
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LEMMA 2. Suppose that f : R R is continuous, I is an interval, J is a closed interval, 
and f(I) D J. Then there is a closed interval I' C I such that f (I') = J. 

The inverse image of J is of course a closed set, but the important thing here is 
that this set can be shrunken to the closed interval I'. The idea of the proof is to let 
I' be an interval that "bridges the gap" between the endpoints of J. Continuity of the 
function guarantees the existence of at least one such interval. 

Figure 3.2. The idea of the proof of lemma 2 

Now suppose that f(a) = b, f(b) = c, and f(c) = a. (So a, b, and c form 
a period 3 cycle.) By relabeling the points if necessary, there are only two cases to 
consider: a < b < c and a > b > c. We consider the first case here (figure 3.3); 'the 
second is handled similarly. Let A = [a, b] and B = [b, c]. 

a 	b 
	

C 

Figure 3.3. The images of a, b, and c 

Note that f(A) D B, f(B) D A, and f(B) D B. We say that A covers B, B 
covers A, and B covers B, and we summarize this with the digraph shown in figure 3.4. 



Figure 3.4. The digraph for f relative to a, b, and c 

By a primitive cycle in a digraph, we mean a closed path through the digraph 
which cannot be determined by repeating several times a shorter closed path. We claim 
that if there is a primitive cycle of length n in the digraph for a continuous function 
relative to a periodic orbit, then there is a point of period n for the function. Note 
that in our two-vertex digraph there are primitive cycles of every length, and thus (if 
we momentarily accept the claim) for our function there are points of every period. 

length 	a primitive cycle of that length 
1 	 B—>B 
2 	 A 
3 	 A--.13—B—> A 
4 	 A--+B-13—>B— A 
5 	 A—>.13—B—+B—*B— A 
etc. 

To prove the claim, let 

II -4 1.2 -4  • " 	In- 1 -4 In = lo  

be a primitive cycle of length n in the digraph. So f(4) D h, and by lemma 2 there 
is some closed interval Id C /0  such that A/D =Thus 1 2 (4) = f GTO D 
and by lemma 2 there is some closed interval Id C 	 C Io such that f2(g) = 12. 
Repeating this argument, we obtain closed intervals /4' C • • • C /e, C Io C .ro  such that 
f n (1-41 ) = In . But In =I0  D IT, so by lemma 1, there is some point p E Io C /0  such 
that fn(p) = p. To see that the period of p is really n, and not something smaller, just 
note that f(p) C  Il,  f 2  (P) C 	f n-1  (P) C 	This proves the claim (for any 
digraph, not just the example above). 

These ideas are even more powerful than what has been shown here. See the 
work by Coppel [C]. 

BEYOND it = 4 : CHAOS! 

So far we have only considered the logistic function for 0 < µ < 4, where the 
parabola is always confined inside the "box" with sides of unit length. For /2 > 4, the 
iterates of fn  behave in a markedly different fashion. At /2 = 4, the parabola has a 
maximum at f4 (1/2) = 1. In figure 4.1 are shown some of the countably many x whose 
iterates map to 1/2, then to 14(1/2) = 1 and finally to f4(1) = 0. 



1 

/  

i 

/ 	 
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Figure 4.1. The orbit and some preimages of x = 1/2 for the logistic f4  

As it increases past 4 (figure 4.2), the parabola grows upward, jutting above the 
box, and thus we have for the first time an open interval in [0, 1] whose points iterate 
outside of the interval [0,1] and hence to —oo. Thus for u > 4, we lose the ability to 
plot the bifurcation diagram because many points (in fact, most points) have iterates 
beyond the real number range of the computer. 

i 

Figure 4.2. An escaping orbit for the logistic at it > 4 



We define A to be the set of points in the unit interval which never escape. One 
way to view A is as follows, according to how many iterations of f,  are needed for a 
point to escape the unit interval. Let A o  be the open interval whose points escape the 
unit interval in one iteration of fp . Let A 1  be the open interval whose points escape 
the unit interval in two iterations of fo . (So A1  is the preimage of A o  and consists of 
two open intervals. See figure 4.3.) Then 2' distinct open intervals escape the unit 
interval in i iterations. Note that A = [0,1]\ U' 

AO 
11:310:179k.i In ti OS 	 Walla L'AV tff Iirci 	 1) -1,6bni3ja. on ai T.torii) 

Si gniqq,ci-1i 	flo13aani A .Fnarma T31-13o '2411 .cn 3i3o6flo ocr, n5fli 	,f3a1 ..t..)a, 8110132 .3cirilsa 
A 1 

. .9v ia nail -(.1 Ls 2,  o to goi 	 Sift (8 ) 

We show first that A is closed iabdunon6rnpfiy.loTihe S.e [ 0, .,.1.1A 14 S COICSi§t Sq Oft sW 
two C105,d Lmte;w1q, lone 	 name ;; .004 
Similaitly[0,, 	 §_t Met; clos,ed'iinter,,valso  one fp dirj (contai nedtai, m  

in -To saP:Pe1ACIfilli?si"iPtpdigitriVefq13§eit.9.; Wthitt1101:tlioki 1 .; 
next iterate of that interval belongs in 10  or ./.1 ), and the other pair contained in.I 1 -0,7BP 
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Note that f t, maps A into A. We will show that (when > 4) f t, is chaotic on 
A according to Devaney's definition. Other notions of chaos are also currently in use 
(there is no standard definition yet), but after we show that f t, is chaotic in Devaney's 
rather strong sense, it will then be chaotic in the other senses. A function f mapping a 
metric space (X, d) into itself is chaotic if 

(1) the periodic points of f are dense in X, 
(2) the function f has sensitive dependence on initial conditions at all points, 

and 
(3) the function f is topologically transitive. 

We now define and describe each of the three notions. 
For periodic points of f to be dense in X, given any x E X and any e > 0, there 

must exist a periodic point y E X such that d(x, y) < e. In other words, there must be 
a periodic point arbitrarily near any point. In this sense, the set of periodic points is 
"large". 

For f to have sensitive dependence on initial conditions, there must exist some 
> 0 such that for any x E X and E > 0 there is ay E X such that d(x, y) < E 

but d(r(x),r(y)) > 6.  for some n. Sensitive dependence on initial conditions has 
been termed the "butterfly effect", which recalls Edward Lorenz's accidental discovery 
one winter day in 1961 that graphs plotting weather conditions using deterministic 
algorithms with initial parameters differing in the ten-thousandths place would become 



dissimilar quite rapidly. This is comparable to the wind of a butterfly's flight in Mexico 
hypothetically causing a chain of atmospheric events leading to the formation of a 
tsunami near the Philippines. See Gleick's book [G]. 

Finally, in order for f to be topologically transitive, given any nonempty open 

sets U, V C X, there must exist some n such that r(U) 11 V 0. Thus, the function 

"spreads" any open set (the set U here) so that it eventually meets any other open set 
(V) in X. 

Unfortunately, these properties of the logistic function fo  are not obvious, so we 
consider a different metric space (related to A) and a different function (related to fit ) 

on that space which will allow us to prove that f µ  is chaotic on A. Throughout this 
section, we refer the reader to Devaney [D] for further explanations. 

Consider E2 = 	= (S0SiS2 	I s j  = 0 or 	the "sequence space" on the 
two symbols 0 and 1. The elements of E 2  are infinite binary strings. (We will also 
refer to such an infinite sequence as a "point" in E 2 ). To make E 2  a metric space, we 

provide a distance function d defined by d[3,t] = Ez=ols. — ti1/2 2  for s = (s o s i s 2 	) 

and t = (t o t i t 2 	). It is easy to check that d is in fact' a metric: The divisor of 2 2  
guarantees convergence; since the numerator of this sum is bounded above by 1, the 
distance function is bounded above by 2. Roughly speaking, sand t are "close" provided 
their "first few" sequence entries are equal. We will see that E 2  is "like" A. 

Consider the "shift map" a : E 2  E2  defined by a(s0 3 1 3 2  ...) = (31 3 2 3 3  ...). 

Thus the shift map drops the first entry Of a sequence .s and shifts all subsequent entries 
of s one position to the left. We will see that a is like ft, as long as it > 4. We can 

easily prove that a is continuous on E2. Fix s = (3 0 3 1 3 2 ...) and E > 0. Let (5 = 6/2. 

Suppose that d[s, t] < S. Then 

d [a(s),a( t)] = 

	

I sj+1  — 	— 

	

2j 	= 	2i-1 	 2i 
j=0 	 • i=1 

Ise 	t i I =  2d[s, t] < 26 = 
i=0 

i=1 

<2 
2 2 . 

as desiied. 
We now mention certain properties of E 2  and a. There exist 2' period-n points 

of a in E2  because for each of n entries in the repeating sequence, there are two choices, 
0 or 1. This implies that the set of all such periodic points of a in E2  is countable. On 

the other hand, E2 itself is uncountable (this can be seen using Cantor's diagonalization 

argument). 
There exists a point whose a-orbit is dense in E2: For example, take both 

length one binary sequences, followed by all four length two binary sequences, followed 
by all eight length three binary sequences, and so on, to obtain the . point 

r = (0 1 00 01 10 1 1 	). 

To see that r has a dense orbit, take any point t E E2. Then some iterate of r will have 

its "first few" digits equal to t (due to the fact that r has all sequences of all lengths) 

and thus this iterate of r will be "close" to t. 



The periodic points of a are dense in E 2 . To see this, fix any s E E2 and any E, 
and choose n such that 1/2n  < E. Form the periodic point t by repeating sosi . • • sn• 
Then d[s,t] < 1/2' < E. 

The shift map a has sensitive dependence on initial conditions at all points. In 
fact, any 0 < 6 < 1 will work. To see this, fix any f > 0, and choose n such that 
1/2' < E. Form t by keeping s o s i  sn _1 and toggling s n . Then d[s,t] < 1/2n_ 1  < e 
but d[an(s),an(t)1 > 1 > 	 0 

The shift map a is topologically transitive. This can be seen by fixing open sets 	 0 

U and V, points .s E U and t E V, and choosing n such that balls of radius 1/2" 	 0 

about s and t lie in U and V respectively. Consider any sequence r beginning with 	 0 

s o s i  ...s n _ i t o t i  ...tn _ 1 . Then r E U and an(r) E V, so an(U) fl V 0. 	 0 
Because the shift map a has these last three properties, it is chaotic. 	 0  
Now that we have defined the sequence space E 2  and the shift map a on E2, 	 0  

Note that ,S o fi, = a o S. To see this, write S o f i,(x)= S(f i,(x)) = (t0ilt2 • • • ) 	
0 

where we have a fixed x E A and where 	 0 
0 

= { 0 if f4(f(x)) E /0 	 0 

1 if f ii(f(x)) E / 	 0 1  
t i 
  

0 

= 
 {

0 if f ii+1 (x)) E /0 0 

1 if fi+1 (x)) E /1  • 0 

But S(x) = (s o s i  s 2  ... ), where 0 
0 

{ 0 if f;,(x) E /0 	 0 
si 	 0 1 if ft,' (x) E h • 

0 
Hence s 2  = ti_ 1  for each i, so a o S(x) = (s i .s 2 s 3  ...) = (t0 t 1 t 2  ...). 	 0 

To see how S can be used to set up a correspondence between a on E 2  and f t, 	 0 
on A, it will be convenient to make the following definitions. .A function f : A --> A. is 	 0 
topologically semi-conjugate to a function g : B —> B if there is a continuous function 	 0 
h : A --> B such that h o f = g o h. The functions f and g are topologically conjugate 	 0 
if h is actually a homeomorphism (a continuous function whose inverse exists and is 	 0 
continuous). We will show that a and f t, are topologically conjugate. 	 0 

Topological semi-conjugacy preserves many things, and this will be key to making 	 0 
the connection between a and f3,,. For example, if f : A --> A is topologically semi- 	 0 
conjugate to g : B -p B (via the continuous function h : A —p B) and if p has period n 	 0 
for f, then h(p) has period n for g: 	 0 

0 
gn 0 h(p) = [h o f o Ill n  0 h(p) 	 0 

= h o fn(p) 	since composition of functions is associative 	 0 

= h(p)• 	 0 
0 
O 
O 
O 
O 
O 

0 
O 
O 
O 
O 
O 
O 
O 
O 
O 

we seek a way to show that they are related to A and ft„ respectively. We define the 	 0  
itinerary of a point x E A to be the sequence s 0 s 1 s 2  ... where s i  = 0 if fµ(x) E /0 , and 	 0 

s3  = 1 if f4(x) E II , and we denote this sequence by S(x). We can think of S as a 	 0  
function from A to E, and as such we refer to it as the "itinerary map". 	 0  



THEOREM. Suppose that f : A -4 A is topologically semi-conjugate to g : B B (via 
the continuous function h : A -4 B). 

(1) If f is topologically transitive, then g is. 
(2) If f has dense periodic points, then g has. 

(3) If h is actually a homeomorphism, A or B is compact, and f has sensitive 
dependenCe on initial conditionS, then g has. 

(4) If h is actually a homeomorphism, A or B is compact, and f is chaotic, then 

g is. 

Statement (4) follows from (1), (2), and (3). Statements (1), (2), and (3) will 
be verified by beginning in B, "pulling back" to A, using what is known about A, and 
then mapping back ,to B. 

Note the extra assumptions in statements (3) and (4). In this setting, compact 
just means closed and bounded. _ 

PROOF: To prove statement (1), take any open sets U and V in B., Since h is continuous, 

we have that the sets h-1 (U) and h -1 (V) are open in A, so there exists some k such 

that 0 fk(h-irr,) u) n h -1 (V), and thus 

0 h {f k (
h

-1. (r) ) n h -1 (V)] =.h o f k  oh-1 (U) n h o h -1 (V) = g k (U)n V. 

To prove statement. (2), ;take any open set U in B. Since h is continuous, the set 

h -1 (U) is open in A, so there is a periodic point p in h -1 (U), and thus h(p) is periodic 

in U. 
Now assume that f is sensitive to initial conditions with separation constant 64. 

By compactness, the continuous function h`l is actually uniformly continuous, so there 

exists a SB > 0 such that 

dA (h -1 (s), h -1 (t)) < (SA for any s and t satisfying dB(s, t) < SB . 

To prove statement (3), take any point x in B and any open set U in B containing x. 

Since h is continuous, the set h- 1 (U) is open in A and contains h -1 (x), so there is some 

point ,h -1 (y) in h -1 (U) and some integer , n such that 

(SA < dA(f n (h —  (x)), fn(h -1 (y))) = dA(h-1(g 	)),h-i(gn(y))). 

So by the contrapositive of the implication above, (5B < dB(gn(x), gn (y)) 

THEOREM. The itinerary map S : A E2 is a homeomorphism for 1..1 > 4. 

PROOF: 
Step 1: we prove that the itinerary map S is continuous. Fix •x E A and E > 0. 

Write S(x). (xox i x2 ). Choose n such that 1/2' < e. Choose a positive (5 less than 
the length of any of the finitely many disjoint intervals making up A n . So, if y E A with 

- < 8, then S(y) = (xoxi • . • x n yn+i 	) so that 

d[S(x),S(y)] 5_ E cx)i.....+1 112i  = 1/2n  < e. 



Step 2: ,we prove that S is one-to-one. Fix x, y E A with S(x) = S(y). (We must 
show that x = y.) Then for each n, fn(x) and fn(y) are on the same side of 1/2, hence 
f is monotonic between fn(x) and fn(y), hence all points of the interval from x to y 
remain in /0  U./1  upon iteration, hence are in A. But A is totally disconnected (contains 
no intervals) so we get a contradiction unless 11 (x) ,  fn(y) for each n. 

	

Step 3: we prove that S is onto. Fix any s E E 2 . Write s 	(8 0 8 1 8 2 ...). (We• 
must find x E A such that S(x) = .s.) For each n, define 

1303132... - {x 	[0,1]IX E 	f(x) E /s„ • • • ,f n (x) E 

Is°  n f 	n 	n f'(18 „). 

Clearly, /so  D .iso „ D /809182  D ... (i.e. . the intervals are "nested") and each I303182 3n 
is closed (since f is continuous and 10  and /1  are closed). By the ,  "nested closed interval 
theorem", there is a point x E n'n=0 /s0 „..,„. Thus S(x) = (s o s i s 2  ) = s. Note that 
x is unique, because of one-to-oneness. Hence the length of / •90 „.,,i  goes to 0 as n goes 

to oo.• 

By steps 2 and 3, S -1  : E2 ----* A exists. 
Step 4: we prove that S -1  is continuous. Fix s E E2 and e > 0. Write 

= (s o s i s 2  ). By step 3, there is an x E A such that S(x) = s (and x is unique by 
step 2). Since the length of /80 „...3 ,, goes to 0 as n goes to oo, we can choose n such 
that the length of 13081 ... 3n  is less than E. Let 6 = 1/2 n . So, if t E E2 with 48,1 < 6, 
then t = (sosis2... Sntn-Fi ) and hence t = S(y) for some y E C A so that 

I S-1 (s)- S -1 (01 = Ix - yl, which is less than or equal to the length of /8 0 8 1••••9 n I and 
hence less than e. 

These four steps together complete the proof. 

So for tt > 4, a and fp  are topologically conjugate. Hence because a is chaotic 
on E, f,, is chaotic on A. 

CONCLUSIONS 

Thus we have discussed many results connected with the logistic function. We 
have seen the haunting aesthetic beauty of its intricate bifurcation diagram. We have 
noted hints of its universality. We have glanced at a deceptively simple little theorem 
stating a tremendous result. We have glimpsed the "chaos" that suddenly explodes 
after tt = 4 ... and all this we find intrinsic in the most humble of parabolas. 
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AN ULTRASTRUCTURAL STUDY OF 
THE BLATTELLA GERMANICA MIDGUT 

JENNIFER K: BISHOP 

ABSTRACT 

Midgut tissue from the Blattella germanica was conventionally fixed and 
embedded. Stained, thin cross sections were viewed with a transmission electron 
microscope in order to study the general organization of the tissue. Observations 
were compared with. the ultrastructural organization of other insect species' guts 
and with the typical organization of mammalian intestinal tissue. 

INTRODUCTION 

The insect alimentary canal consists of three primary regions- foregut, 
midgut, and hindgut. Much focus has been placed upon the midgut which is believed 
to be the primary site of absorption of nutrients, water, and ions (Berridge, 1970). In 
most insects', the cytoarchitecture of the midgut seems to be rather uniform (Martoja 
and Ballen-DuFrancais, 1984); being composed of columnar epithelial, regenerative, 
and goblet cells. The purpose of this study is to demonstrate the ultrastructural 
features of the German cockroach midgut epithelial cells and their organization. 	It 
also attempts to compare the cockroach absorptive tissue with homologous tissue in 
other insects as well as in mammals. 

PROCEDURE 

Adult male Blattella germanica from the subpopulation Johnson Wax were used 
for this study. They were dissected approximately ten days after their final ecdysis. 
The insects were anesthetized by subjecting them to 5 0  C for 10 minutes. Their wings 
were clipped, and an incision was made down the right side of the body cavity with 
fine-tipped dissection scissors. The entire gut tube was teased out of the body with a 
pair of forceps, and immediately flooded with a fixative of 2% glutaraldehyde in 0.1 M 
sodium cacodylate buffer (pH 7.4). The midgut was excised with a razor blade and cut 
into 0.5-1.0 mm 3  sections. Fixing and embedding procedures of Bignell (1980) served as 
a guideline. The tissue was fixed for 2 hours in 2% glutaraldehyde and post-fixed with 
1% osmium tetroxide in 0.1 M sodium cacodylate for 1 hour. Dehydration with acetone 
followed. Flat embedding was done using Epon 812, and the tissue was oriented in a 
manner which would facilitate the cutting of cross sections. Thick sections were cut, 
stained with toluidine blue, and viewed under a light microscope. 	Ultrathin sections 
were cut with glass knives on a Sorvall ultramicrotome, and post stained with 8% 
uranyl acetate for 20 minutes followed - by a 5 minute staining with lead citrate 
(Venable' and Coggeshall, 1965). All sections utilized for this survey were cross sections 
of the midgut. The tissue was viewed and photographed on a Zeiss EM-109 electron 
microscope. 	General organization of  the cockroach midgut epithelium was analyzed 
and the results were compared to other insect studies. 

OBSERVATIONS 

The basic structures of the midgut tissue were first observed in . thick sections in 
which a single layer of simple columnar epithelial cells with large centrally located 
nuclei were visible. 	An irregularly shaped lumen, lateral folds of the luminal 
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surface, a thick layer of microvilli, and a basal region near the haemolymph were 
also evident. 

Figures 1 and 2 are electron micrographs taken at fairly low magnification 
which reveal the general organization of the typical columnar cell midgut. 

The microvilli formed an extensive layer into the lumen. Figure 3 is a low 
magnification micrograph of one of the lateral gut folds seen in thick sections. The 
microvilli emerged in regular patterns, and tended to have a somewhat hexagonal 
shape. In some of the microvilli, single nuclei were observed. A "fuzzy" coating was 
also evident along the outer surface of the microvilli (Fig. 4). 

Directly below the microvilli border there was seen a small layer with two 
distinct regions. 	Near the apical surface a region lacking organelles, but containig 
fiber-like material and secretory granules was observed. 	Above this, an area of 
dense, randomly oriented mitochondria was visible. 	An abundance of septate cell 
junctions were also seen along the apical border. 	These were typically darkly stained 
and often very convoluted . 

Each columnar cell contained a single nucleus which was located 
approximately halfway between the luminal and basal borders. 	These nuclei were 
stained darkly and were usually round or oval in shape. Each displayed the classic 
structure of a nucleus, having 	a visible double membrane, nuclear pores, a 
nucleolus, and chromatin. A large number of mitochondria as well as endoplasmic 
reticulum were seen in near proximity to the nuclei (See cover photo). 

The basal region was divided into five basic layers; the basal plasma 
membrane, the basal membrane, the longitudinal muscle, the circular muscle and 
the connective tissue (Fig. 5). The basal plasma membrane was thin and 
characterized by extensive infoldings. 	Mitochondria were seen associated with these 
lateral membrane invaginations. 	The basal membrane was fairly thick and appeared 
to be fibrous. The longitudinal muscle layer was not a continuous layer around the 
periphery of the midgut epithelium. 	It was distinguished by the presence of 
myofibrils. 	The circular muscle was located directly above the longitudinal muscle 
layer, and close to the hemolymph. Elongated nuclei were seen in the circular 
muscle. Above this muscle layer there existed a small layer of connective 
tissue.Another interesting structure which was observed was the tracheole. 
Tracheoles were seen penetrating the circular muscle and connective tissue layers. 
These structures were distinguished by their corrugated membrane edges. 

One final observation of interest was made. An unusual conglomeration of at 
least four columnar cells was viewed. 	A small cell-like structure lacking an apparent 
nucleus was situated in the middle of the junctions of the cells. 

DISCUSSION 

The ultrastructural organization of the Blattella germanica midgut tissues 
proved to be very similar to the cytoarchitecture of other insects' digestive tissues. 
The striated border of microvilli and the abundant number of cell junctions were 
both typical features of the insect midgut (Martoja and Ballan-Dufrancais, 1984). 
These junctions appeared to be septate junctions with desmosomes. The "fuzzy" coat 
seen in Figure 4 was mentioned by Martoja and Ballan-Dufrancais (1984) and 
referred to as a cell coat rich in glycoproteins. The two apical zones found directly 
below the microvilli 	have been exhibited in several insect species (Martoja and 
Ballan-Dufrancais, 1984). 

Several features of the basal region of the columnar cells in the German 
cockroach were similar to those found in other insect species. 	The extensive 
infolding of the plasma membrane has been displayed in all insects. This suggests 
that it is probably essential in the gut's functioning. 	This membrane seems to play a 
key role in facilitating diffusion toward the hemolymph. 	The close associations of 



the mitochondria with the lateral plasma membrane which were seen in Figure 5 
were also observed by Berridge (1970). He hypothesized that these organelles 
provided the energy for a sodium pump which would assist diffusion across the 
membrane. The plasma membrane seems to create an extracellular space which is 
critical in the movement of molecules through the membrane (Berridge, 1970). 

The basal membrane of the Blattella germanica appeared granular and thick, 
but no distinctive pattern of organization was revealed. 	Other scientists have 
discovered a basal membrane with grid-like patterns in Periplaneta americana 
(Bignell, 1980), and one with a cross-hatched pattern in other species (Martoja and 
Ballan-Dufrancais, 1984). 

Most insects possess a long circular muscle layer with a discontinuous 
longitudinal muscle layer below, as was seen in the Blattella germanica (Anderson 
and Harvey, 1966). Of interest is the fact that the muscle layers of all insects are not 
always found in this order of orientation. 	This was observed in the ultrastructural 
research performed with the Cecropia (Anderson and Harvey, 1966). 

Tracheoles, the ends of tracheae tubes, are found in the vicinity of the gut in 
all insects (Martoja and Ballan-Dufrancais, 1984). 	These structures will never be 
seen penetrating the basal membrane, although they are found in the muscle layers 
(Bignell, 1980). 

The identity and function of the conglomeration of unusually shaped and 
oriented columnar epithelial cells which were observed is not known. 	I would 
hypothesize that they might be interstitial cells which are unspecialized, and 
according to Berridge (1970), are occasionally found near the basal region in 
clumps. 

No mucus secreting goblet cells were found in the Blattella germanica midgut 
specimens. 	Martoja and Hallan-Dufrancais (1984) stated that goblet cells are not 
present in all insect species. 	Another possible explanation for the absence of these 
specialized cells could have been that the particular region of the sectioned midgut 
was too anterior to contain goblet cells. Sections cut at lower regions might have 
contained this type of cell. 

A general comparison of the structure of the midgut columnar epithelium of 
the cockroach and the typical intestinal absorptive cell of a mammal was performed. 
Both tissues possess microvilli, although the mammal tissue tends to have luminal 
evaginations (villi), while the cockroach has a 	single epithelial layer of columnar 
cells which is homologous to the mammal's mucosa layer. The mammal has an extra 
layer of submucosa consisting of connective tissue which is not present in the 
cockroach. Mammalian tissue also has numerous goblet cells. The two muscle layers 
are observed in both tissues, but the order of orientation of these layers is opposite. 
The cockroach's inside muscle layer is longitudinal, while the mammal's is circular. 
Another difference in the muscle layers is the fact that the longitudinal muscle in 
the roach is discontinuous, which is not true of the mammalian longitudinal muscle. 
Finally, both the cockroach midgut epithelium and the mammalian intestine have an 
outer layer of connective tissue that coats the digestive tube (Villee, 1989). 

CONCLUSION 

This study has demonstrated that the general ultrastructrual organization of 
the midgut of the Blattella germanica is very similar to that of other insect species. 
It has also displayed that the cockroach epithelium possesses many of the same 
features as mammalian intestinal epithelium. 
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FIGURES 

Figures 1 & 2 
	

These micrographs display the basic regions of the columnar cell of the 
midgut. Microvilli (MV), a nucleus (N), and the basal membrane (BM) are 
seen, as well as many intracellular organelles. Fig. 1 6900X; Fig. 2 6000X 



Figure 3 
	

A lateral fold of the midgut 
organization. 8800X 

Figure 4 	A highly magnified view of 
coat (PC). 24000X  

revealing the dense layer of microvilli and its 

the cockroach microvilli (MV) with a fuzzy protein 



Figure 5 	The layers of the basal region of the columnar cell of the cockroach midgut. The 
basal plasma membrane (BP), basal membrane (BM), longitudinal muscle (LM), and 
circular muscle (CM), and connective tissue are shown. 6000X 
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DESCRIPTIONS OF FOUR SECTIONS OF VERBESINA '  

W. L. BROYLES 

Research funded by Howard Hughes Medical Institute Grant, 1990 

ABSTRACT 

Available taxa in the sections Verbesina, Platypteris, Saubinetia, and 
Ochractinia were observed with a Jeol JSM-5300. Descriptions of each section are 
given. Characters of the four taxa in section Verbesina were encoded into a tree- 

, generating program. The tree produced is identical to the accepted tree which was 
formed using different characters. 	We conclude that the floral microstructures 
provide systematically useful characters for the genus Verbesina. 

INTRODUCTION 

The .twelve sections of Verbesina are currently separated by few and possibly 
poor characters. The purpose of this study is to look for significant characters which 
better separate these sections. 	Ray and disk florets, chaff, bracts, leaves, and achenes 
of available species were collected from herbarium sheets and photographed on a 
Jeol JSM-5300 Scanning Electron Microscope. The characters of each taxon were 
recorded and compared to those of other taxa in all sections in order to determine 
their significance. 	Over sixty species have been collected and over thirty-five 
observed representing nine of the twelve ,sections. 	At present there is only a 
reasonable amount of data to describe four sections (Platypteris , Verbesina , 
Ochractinia , and Saubinetia ) of which only Verbesina has had all species observed. 
The characters of the four species of section Verbesina 	found in this study were 
coded into a ; binomial data table (0=common, 1=advanced) and run through the Phylip 
computer program package to produce the,, most parsimonious , tree. This tree is 
compared to the one presented by Olsen (1986). 

PROCEDURE 

SEM Preparation and Photography 
All plant material was collected from herbarium sheets and treated with 

aerosol OT to regain natural shape. It was then run through a series of solutions with 
increasing concentrations of ethanol to remove water. 	Once the material reached 
100% ethanol, it was transferred to 100% acetone and critical point dried. The 
material was placed on stubs and sputter coated for 45 seconds. Video prints were 
taken using a Jeol JSM-5300 SEM at a working distance of 34 millimeters and 20 
kilovolts. These preparations and settings were found to produce the best results. 
The video prints for each specie were observed and characters recorded. 	Characters 
seen in all species available for a section were noted along with characters which 
appeared in a high percentage of the species. As more species are observed, it can be 
determined if these characters can be used to separate the sections properly. 

Tree of Section Verbesina 
The characters of the four taxa of section Verbesina were entered into a data 

table with 0=ancestral and 1=derived using Platypteris as the outgroup. See Table 1. 
This data set was run through the Phylip computer program package which prepared 
several trees, of which the one with fewest reversions is used. 
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RESULTS AND DISCUSSION 

Platypteris 
The lack of ray florets distinguishes this section from the others. The glabrous 

achenes and pilose abaxial petal surfaces are also useful. 

Verbesina 
Smooth, hooked pappus bristles have been found only in this section. The 

presence of bicuspid hairs on the achenes occurs in all four species of the section. 

Ochractinia 
Bicuspid hairs on achenes of ray florets, acuminate stigmas, and pilose disk 

floret tubes occur in all species observed. 

Saubinetia 
Large cells around adaxial petal margins, hairs on abaxial petal surfaces, and 

tuberculate hairs on ab- and adaxial leaf surfaces are present in all observed species. 
Also, most species have glands present on some surface (i. e. achene, leaf, chaff, or 
bract). As more species are observed the importance of these characters can be 
better determined. 

Verbesina Tree 
The tree of section Verbesina (Plate 1) is identical to that presented by Olsen 

(1986) using Ochractinia as the outgroup. The significance of the matching trees to 
this study is that the floral characters noted here seem to be taxonomically useful. 
Also, further investigation by this method is substantiated. 
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Table 	1. 

Section Verbesina taxa 
alata 	var. 	alata alata 	var. 	hispida domingensis wrightii 

Section 
Platypteris 

One hooked pappus 	bristle 	 1 	 1 	 1 1 0 

Two hooked pappus bristles 	 0 0 1 0 0 

Dense hair on achene 	 1 0 0 0 0 

Smaller, 	thinner 	hairs 	present on 	bract 	0 0 0 1 0 

Large cells on margin of petal 	 0 0 1 0 

Hairs with ring of basal cells on abaxial leaf 	0 1 0 0 0 

Dense hair on abaxial leaf surface 	 1 0 0 0 0 

Hairs with ring of basal cells on adaxial leaf 	0 1 0 0 0 

Smaller, 	thinner 	hairs 	present 	on 	adaxial 	leaf 0 0 1 1 0 

1 ,--- derived, 0 = ancestral 

Plate 1. 

Dollo parsimony algorithm, version 2.4 
4 species, 	9 characters 

Ancestral states: 
00000 0000 

Character-state data: 
alata alat 	00100 0101 
alata hisp 	01010 0001 
domingensi 	10001 0011 
wrightii 	10000 1001 

domingensis 

*--wrightii 

alata alata 

* 	* alata hispida 

requires a total of 	0.000 
reversions in each character: 

0 	1 	2 	3 	4 	5 	6 	7 	8 	9 
* 

0! 	0 	0 	0 	0 	0 	0 	0 	0 	0 



THE ODONATE ASSEMBLAGES OF TWO PONDS IN SHELBY FOREST, 
TENNESSEE 

TIM MOORE 

ABSTRACT 

Larval odonates from two ponds in Meeman Forest, Shelby County, Tennessee were 
sampled from June, 1990, through April, 1991. Four Anisopteran species 
predominated: Libellula vibrans, Dromogomphus spoliatus, Epicordulia princeps, and 
Perithmis tenera. Pond differences were questioned as a source of influence on the 
larval odonate assemblages. 

INTRODUCTION 

Among the macroinvertebrates inhabiting the littoral zones in cooler-temperate 
to tropical climates are larvae of the insect order Odonata. This order includes two 
suborders: 	Anisoptera (dragonflies), and Zygoptera (damselflies). 	Odonate nymphs 
and adults often constitute a large part of any littoral community with reports of over 
1700 individuals/m2 for total odonates (Benke and Benke, 1975) and -  diversities up to 
55 species in other studies (Paulson and Jenner, 1971). Larval odonates, among other 
secondary consumers of the benthos, are highly predatory in nature and therefore, 
if established in abundance, play a crucial role in shaping the population structures 
of other macroinvertebrates in any aquatic system. 

Productive natural systems arrive at their faunal composition not haphazardly, 
but through the interaction of several different mechanisms. 	Governing the species 
distribution and densities of odonate larvae are factors such as fish predation (Morin, 
1984), intraguild predation (intra- and inter-specific within Odonata) (Johnson and 
Crowley, 1980), and interference competition (Johnson, 1991). 	As a direct result of 
these factors, odonata assemblages persist due to habitat preferences and seasonality 
differences (Crowley and Johnson, 1982). Adult odonates tend to emerge specifically 
in a "staggered" fashion throughout the year (usually from April through 
September) (Paulson and Jenner, 1971), and certain larvae (or groups of larvae, e.g., 
an entire genus) tend to have habitat preferences. 

Johnson and Crowley (1980) showed habitat specificity in six different habitats, 
each having a characteristic odonata association; 	however, habitat was second only 
in importance to seasonal segregation' as a factor in determining the assemblage of 
coexisting odonates; Thus, the factors of habitat and seasonal segregation are 
responses by nymphal populations to their environments like intraguild predation, 
interference competition, and predator avoidance. 	However, habitat and seasonal 
segregation are not so dynamic as these other factors. 

This study focuses on the larval odonate compositions of two small ponds in Shelby 
County, Tennessee. Both ponds were dug in- the 1930's, however they do differ in size, 
depth (including slope of the littoral zone), detrital input ,(composition and volume), 
and sediment consistency of the littoral zones. 	I investigated the effects of these 
factors on the larval odonate assemblages in these two ponds. 
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MATERIALS AND METHODS 	 0 
0 

The two ponds (Pond A and Pond B) located within Memphis State University's 	 0 
Meeman Biological Field Station were selected for this study on the basis of their 
location, size, feasibility of sampling, and potentially differing odonate communities. 
These freshwater ponds have littoral zones differing in the amount of detrital leaf 	 0 
litter. Pond A is surrounded by much more vegetation, especially hardwoods, and 	 0 
receives a much greater influx of leaf litter than Pond B; I therefore assume Pond A 	0 
to have a significantly higher standing stock of dissolved and particulate organic 	 0 
matter than Pond B at any given time. Pond B has a littoral zone without much 0 
detritus and is surrounded by kudzu (Pueria thubergiana). Only a few hardwoods 

0 capable of generating substantial leaf litter can be found in the area, and I expect 
their effect to be negligible. Another source of variation between the ponds is the 	 0 
slope of their littoral zones. The angle that shapes Pond B near its perimeter is much 	0 
steeper than that of Pond A. 	Pond B is also deeper on average than Pond A (Mike 	 0 
Kennedy, personal communication). 	 0 

Both ponds were sampled at least once monthly from July, 1990, through March, 
0 1991; Pond A was also sampled in June, 1990. No samples were taken during the 

winter month of December, 1990, because odonate populations in temperate-zone 	 0 
ponds reach stable distributions during these times due to temperature and 	 0 
photoperiod cues (Paulson and Jenner, 1971; Lutz, 1974; Corbet, 1980). In addition, 	 0 
data are lacking for September, 1990, due to the failed introduction of new 	 0 
sample-sorting techniques. 0 Thirty and twenty-five random sweep net samples were taken for Ponds A and B 
respectively; randomness and habitat preservation were insured by alternating the 	0 
sampling regimen each month: clockwise around the ponds one month, 	 0 
counterclockwise the next. Each standard sweep covered 0.5 m 2  and collected bottom 	0 
sediment, leaf litter detritus, and aquatic organisms. All sweeps were made on the 	 0 
absolute perimeter of the ponds; samples were never taken that included bottom 	 0 
sediment and vegetation from depths of over 0.4m; 	therefore, species characteristic 0 of deeper habitats could be misrepresented or not represented at all. Samples were 
hand sorted in the field and all individual odonate larvae were preserved in 70-90% 	 0 
ethanol. 	 0 

Individuals were were identified to species with available keys (Needham and 	 0 
Westfall, 1955; Usinger, 1974). Numbers of individuals per species per sample were 	 0 
recorded. Head width was used to elaborate instars within each species; 	 0 
measurements were made from the widest part of the head, usually from the tip of 

0 one eye to the other (Paulson and Jenner 1971). These measurements were made to 
the nearest 0.001 mm using a light-dissecting scope/digitizer (BioQuant II). 	 0 

Size frequency histograms were made for each month a sample was available. Data 	0 
were also worked up and displayed in line and area graphs using absolute numbers of 	0 
individuals, proportions of individuals, and number of individuals per sweep for each 	0 
species in each pond `over time. Similar graphs were made for total counts and total 0 numbers per sweep over time. No exuviae or adults were collected in this study. 

0 
RESULTS 	 0 

0 
From more than 360 sweep samples of the two ponds over 1500 individual larvae 	 0 

were collected over the nine-month sampling period. 	Four predominant odonate 	 0 
(Anisopteran) species were seen in both ponds: Libellula vibrans, Dromogomphus 0 spoliatus, Epicordulia princeps, and Perithemis tenera. Pond A contained several 
individuals of Enallagma sp., a Zygopteran. 	 0 

0 

0 



In addition to these organisms, other aquatic inhabitants of the ponds that play 
important roles in littoral communities were also collected. 	These additional 
macrobenthos consisted primarily of chironimid species, ephemeropterans, 
trichopterans, coleopterans, dipterans, gastropods, hemipterans; and various 
microcrustaceans. The ponds also supported fish populations with the most common 
species being Lepomis macrochirus (bluegill) and Gambusia affinis (mosquito fish). 

Because the bulk of the samples were comprised mainly of the four Anisopteran 
species, only data for these four are presented. Pond A had a much larger nymphal 
population than Pond B (Figs 1-4) in all samplirig periods; the most obvious 
difference being in August when the total count in Pond B was 61% that of Pond A. 

• In:both ponds, L.vibrans. was the most common larval odonate, the second most 
abundant species in Pond B was D. - spoliatus , and E. princeps in Pond. A (Figs 1,2). 
Perithmis tenera was more highly represented in 'Pond A, but by October, no - 
evidence of this species can be found. Epicordulia princeps reached a relatively 
small maximum density in Pond A in July, still below P.tenera, and by October it was 
barely present: In Pohd B, P:tenera remained below E. princeps throughout the year 
with a slight peak in August, but both Perithemis- and Epicordulia fall to extremely 
low numbers by October and continued to do so for the remainder of the sampling. 
period. 

Libellulids in Pond B reach their greatest density in October, 1990; however, the 
high density observed the preceeding August -suggests the possibility of maximum 
population for this species to have been in the September month. Epicordulia 
achieved its greatest population density in Pond A in July, a month before L.vibrans, 
then dropped off significantly in the in the following two months; E.princeps always 
remained at a level above D. spoliatus and P. tenera . - 	- 

Size frequency distributions for each species for each sample are given for Pond A 
in Figs 5-8, for Pond 13‘ in Figs 9-12. Throughout the sampling period all species are 
represented by a wide range of instars in both ponds (except for P. tenera in Pond B). 
In Pond. A in June a group of libellulids, possibly in the ultimate or penultimate 
instar, were preparing for diapause or metamorphosis, while the remainder of the 
population remained in the much smaller instars. 	These young libellulids grew and 
were replaced by developing eggs to give rise to a range of instars. More 
representatives of final instars were seen in August; in October, L. vibrans reached 
its peak of production followed by a gradual thinning of the population. 

Dromogomphus spoliatus in Pond A never reached high numbers; in June there 
were possible candidates for emergence (those with headwidths >5.5mm) in that these 
are the largest individuals for which I have records. After August the gomphids in 
Pond A were represented by generally larger individuals. With E. princeps in Pond 
A there was definite synchrony of development of individuals in the June sample 
extending throughout January of the following year. Perithemis, however, behaved 
peculiarly; there were instars having headwidths up to 5 mm, however, this portion 
of the population is either missing or misrepresented due to some unknown 
mechanism. 	Nevertheless, Perithemis instars hover within a headwidth range of 
around 3.5mm for four months, then disappear (Figs 8,12). 

The libellulids in Pond B also showed a wide range of instars in their population, 
although most were of smaller size in July and August. However, there were no 
representatives with headwidths greater than 5mm as in Pond A. ' D.spoliatus was 
represented by• a bulk of smaller instars in the summer months, but this thinned 
gradually to give a • more even distribution of instars; the same applies for E. 
princeps. And, P. tenera, once again, hovered around the 3.5 mm headwidth range 
and also altogether disappears in August. 

The interpretation of these data is difficult because with only nine months of size 
frequency data and the numerous emergence patterns adopted by different species, 
one cannot expect to make concrete conclusions about any species' life history. Had 



the ponds been sampled for at least two years the data obtained would suit these 
needs. Nevertheless, for most species, the data show that as the representative 
populations move into winter months, mean number of individuals per species 
decreases, especially those of lower instar number, and the population tends toward 
lower numbers of larger overwintering individuals. 

DISCUSSION 

0 
0 
0 
0 
0 
0 
0 
0 
0 
0 
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With less than one year of data from these two ponds, to propose life histories of 	 0 
any of the reported species could be misleading. However, the data do suggest that 	 0 
features respective to the ponds themselves may be in fact influencing the odonata 	 0 
assemblages. Both ponds are about 60 years old, therefore I assume that both have 
been allowed to arrive at their present faunal assortments quite naturally. Pond A is 

0 somewhat larger than Pond B, but this factor alone cannot account for the large 
difference in odonate populations. As stated earlier, the slope of the littoral zone of 	 0 
Pond B was much steeper than that of A. The effect of this would be to lower the 	 0 
amount of substrate that might be potentially attractive to sprawling and burrowing 	0 
odonate naids. 	Certain larvae position themselves within the benthic habitit with 0 regard to substrate particle size (Keetch and Moran, 1966; Prodon,1976); with a 

0 reduced habitat we would expect an associated reduced larval abundance. 
Furthermore, Pond B does not receive the same volume of detrital input as does A; 	 0 

this factor has a threefold effect. First, the consistency of the littoral sediment in 	 0 
Pond B is silty and holds together firmly upon net sampling. This might have the 	 0 
effect of decreasing the possible recruitment of odonate larvae preferring softer 0 
sediments. The detrital cover keeps the sediment in Pond A soft and pliable. 

0 Secondly, the absence of leaf litter detritus increases the risks of predation by 
vertebrates by leaving non-burrowing larvae exposed and vulnerable. 	Thirdly, 	 0 
based on studies dealing with the complex interactions of links in food webs and 	 0 
carbon chains, it has been found that detritus can serve as an important source of 	 0 
particulate and dissolved organic matter for aquatic habitats (Wotton, 1988). By 
increasing the amount of available carbon in the environment, a community will be 

0 more productive. These three factors alone are suggested to account for the large 
difference in total odonate production of the two ponds. Due to the minimal amount 	 0 
of vegetation surrounding Pond B, final instar larvae are at a disadvantage: without 	 0 
surrounding vegetation, emergent sites are spare or overused. 	Odonate larvae expose 	0 
themselves to predation by land predators (e.g., birds) while they search for an 	 0 
emergence roost walking along the edge of the pond. 

0 Along these lines, an interesting experiment testing predator avoidance could be 
0 performed. It has been shown that members of different species show different 

predator avoidance tactics that reflect their past experience; that is, past experiences 	0 
with predatory fish will cause some species to flee and others to remain motionless 	 0 
(Johnson 1991). 	One might find such behavioral differences within species found in 
both Ponds A and B as a result of this lack of cover. 

Due to insufficient data, the exact movement of cohorts is difficult to explain; 
0 labelling the observed species either synchronous or asynchronous hatchers is also 

difficult. However, the histograms of E. princeps from Pond A do reflect a large 	 0 
degree of synchronized movement (Fig 9). Because Epicordulia does not reach its 	 0 
final instars until October (or possibly September), I believe the species overwinters 	0 
and emerges the following Spring as a fairly synchronized semivoltine group. 
Histograms of L. vibrans from Pond A show a pattern of possible continual 

0 emergence throughout the summer months, beginning in June. 	This characteristic 
along with the wide array of instars shown support the idea of Libellula being an 	 0 
asynchronous species. For D. spoliatus, the histograms suggest semivoltinity as well; 	0 
in Pond A these gomphids reach emergence size in June and for the remainder of the 	0 

0 



year the earlier instars develop and eventually enter diapause and overwinter. 	Their 
higher representation in Pond B could be attributed to their burrowing behavior; if 
this species could avoid predation by decreasing, its exposure by burrowing in the 
sediment, it might enjoy increased survivorship. 

Perithemis tenera never achieves high representation in either Pond A or Pond B; 
moreover, representation dropped off entirely following .  August in Pond A and 
September in Pond B. Benke and Benke (1975) reported similar low representations 
of P. tenera in their benthic samples; they attributed this to Perithemis' 
characteristic occupation of deeper than average habitats of the littoral zone. 	With 
sampling restricted to the absolute perimeter of the ponds, Perithemis could have 
been underrepresented (this holds for other "deeper" species as well). 	The narrow 
instar range shown by P. tenera might reflect the individuals of a synchronous 
species in the last or next to last instar preparing for emergence. A range around 3.5 
mm is small in comparison to maximum headwidth ranges of other species but 
Perithemis has been reported as a smaller, Anisopteran species (Morin 1984). 
Furthermore, in other temperate-zone benthic surveys P. tenera has been shown to 
emerge during July through September; my data reflects the possibility of smaller 
Perithemis remaining in the deeper littoral zone and only entering the sampled area 
when large enough to emerge. 

One significant feature of the odonate assemblages sampled from these ponds is 
the lack of representatives of members from the Zygopteran suborder, especially 
from Pond B. Zygopteran reproductive tactics often include laying eggs 
endophytically where the female uses piercing caudal organs to create ovoposition 
sites in the stems or supportive tissues of aquatic macrophytes (Dunkle 1976). The 
kudzu surrounding Pond B was not an attractive enough (or suitable) ovoposition site 
to allow successful recruitment of any damsefly species. Enallagma sp. did appear in 
Pond A, however, quite sporadically and in small numbers. In a similar temperate 
-zone odonate study, Anisopterans tended to fly before Zygopterans during the 
emergence period; specifically, 49% of the Anisopterans and only 24% of. the 
Zygopterans in the study shared median weeks of flight in April, May, and June 
(Paulson and Jenner, 1971). Therefore, if Zygopterans were indeed present in the 
ponds, they should have been more highly represented in my samples. It is also 
possible that the scant number of Zygopteran representatives seen were the only 
members of a new recruit. 

This is the first published work that presents odonate larval community structures 
of species in West Tennessee. These data provide a basis for continuing work at the 
Meeman Biology station which could eventually complete life histories of all species 
observed. 	Individuals could be reared to maturity to find discreet instar sequences. 
Also, manipulative experimentation could be done involving placement of artificial 
or natural emergent structures in Pond B to possibly encourage Zygopteran 
recruitment. 
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Figs 5-8: Size-frequency distributions for Libellula vibrans, Dromogomphus spoliatus, Epicordulia princeps, and 
Perithemis tenera in Pond A. Horizontal axis ranges from 1.0 to 6.0 mm. No individuals of P.tenera were collected 
after 10/90. 
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Figs 9-12: Size-frequency distributions for Libellula vibrans, Dromogomphus spoliatus, Epicordulia princeps, and 
Perithemis tenera in Pond B. Horizontal axis ranges from 1.0 to 6.0 mm. No individuals of P.tenera were collected 
after 8/90 and no indivividuals of E.princeps were netted in 10/90. 
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ALLOMETRY OF INCISOR DESIGN AND BITE FORCE IN RODENTS 

ARNEL PALLERA 
ABSTRACT 

A biochemical study on rodent incisors was performed in order to determine if 
evolutionary patterns selected for an allometric relationship between the size of the 
animal and the animal's incisor strength. Engineering formulas were used to 
calculate incisor strength, and a regressional analysis was done to discern the types 
of relationships which were involved in incisor design. 

INTRODUCTION 

The purpose of this experiment is to study the incisors of several rodents in 
terms of their strength, shape, and size. 	These incisors, unlike limb bones, cannot 
adapt and increase their size to accommodate for different stresses. In other words, a 
rodent's incisors strength is primarily determined by genetic factors and not by 
environmental factors. 	Hence, a rodent's incisor may correlate highly with the size 
of the rodent or its diet. It is wasteful for a smaller, seed-eating rodent to have an 
excessively strong incisor. 	Likewise, it is dangerous for a large, nut-eating rodent to 
have weak incisors. The only way that a rodent species can increase its incisor 
strength is through the process of evolution. 	One of two goals in this biomechanical 
study was to determine if the patterns of evolution for these animals selected for a 
relatively stronger tooth in a large animal or for a relatively weaker tooth in a small 
animal. 	The specific hypothesis that this study explored was whether an isometric 
relationship existed with rodent incisor strength and skull or jaw length. 	Allometric 
analyses on these rodents were done to' determine the role size plays in determining 
the strength of the incisor. 	Whether a big animal has 	relatively stronger teeth than 
a small animal, whether a small animal has relatively stronger teeth than a big one, 
or whether an isometric pattern exists for size and rodent incisor strength was 
ascertained from the data. Isometry, in this study, was noted by looking at a 
regressional analyses with incisor strength and jaw or skull length. 	The slope of this 
regression line, ,  for isometry, should be 2. 	Since force is directly proportional to the 
area of the muscle physiological cross-section (F=k*1 2 ), I took the regression 
equation (Y= mx + b), or log (tooth strength)= m[log (skull or jaw length) + b] and 
simplified it to Strength = b(length)m. Since F 1 2  for an isometric relationship, 'm' 
must be 2. 

The second goal in this study is to see what role diet plays in determining 
rodent incisor strength. 	Differences among rodents are expected since they occupy a 
variety of niches. They live in places like trees, holes, human houses, and even 
dams, and their diets may consist of seeds, nuts, roots, insects, fish, reptiles, birds, 
and/or mammals (Vaughan, 1978). In this study, an animal that eats hard foods, like 
nuts, will have high positive residuals from the regression line, and rodents that eat 
soft foods like seeds and grass should have high negative residuals from the 
regression line. 

MATERIALS AND METHODS 

Fourteen different genera of skulls, nine from Memphis State University, one 
from Rhodes College, and four from a pet store, were used in this study. There were 
also five duplicate skulls that 'came from Memphis State University. 	In this 
experiment, measurements of all nineteen skulls and jaws were made using digital 
calipers calibrated to 0.01 mm. The different measurements were of skull length, jaw 



length, upper incisor thickness and width, and lower incisor thickness and width. 
Skull length was measured as the distance from the incisor to the occipital condyle, 
and jaw length was measured as the distance from the point of the incisor to the 
mandibular condyle. Also, on the Castor, or beaver, skull and the Sciurus, or squirrel, 
skull, incisor height was measured. 	From library sources, diet patterns were then 
determined for each genus. 	After the measurements were completed, pictures were 
taken of these skulls. From these pictures, .a measurement of tooth height was 
calculated, and a determination of whether the tooth could be studied as a straight 
beam or as a curved beam was made. A tooth can be considered a straight beam if its 
radius of curvature is more than ten times the thickness of the incisor (Roark & 
Young, 1975). With a dental saw, the incisors were then consistently cut in cross 
section and viewed under a high power dissection microscope. Drawings were made 
of these slices, and a determination of shape was then inferred from these pictures. 
Depending on which shape covered the most area, the shape of either a triangle, 
circle, ellipse, or rectangle was given to each jaw and skull incisor. 	With 
information on the shape, thickness, and width of the incisor, 'I', or the second 
moment of inertia, was calculated. For triangles, I =1/36bd 3 , where 'd' was the 
thickness of the tooth and 'b' was the width. For circles, I=1/4nr 4 , where 'r' was the 
radius of the tooth. 	For rectangles, I=1/12bd 3 , where 'd' was the thickness and 'b' was 

the width. 	Finally, for ellipses, I=1/4nba3, where 'b' was half the width and 'a' half 
the thickness of the incisor (Roark & Young, 1975). With the second moment of 
inertia, the maximum bending strength of the tooth, or Sy, was calculated. The 
formula for Sy, which was considered as the inverse of maximum of stress, was 
Sy=Fdc/I, where 'F' was the force applied to the tooth, 'd' was the height of the tooth, 
'c' was half the thickness of the tooth, and 'I' was the second moment of inertia (Van 
Valkenburg, 1986). Following the methodology of Van Valkenburg (1986), the force 
was assumed to be one in all cases. Then, using a computer, a regressional analysis 
was performed, with the log of skull incisor strength (S yocjaw) as the dependent 
variable and the log of skull length or the log of jaw length as the independent 
variable. 	Also, with a computer, a correlation coefficient of these logarithmic 
variables was calculated, and a logarithmic plot of jaw incisor strength x jaw length 
and skull incisor strength x skull length was completed. 	Residuals, which represent 
deviations from the regression line were also determined and evaluated with respect 
to diet. 

RESULTS 

The data from this study was very interesting. For instance, it showed that an 
isometric relationship did exist with incisor strength and skull or jaw length. 	The 
regression analysis, as shown in Figure la and lb, for both the jaw and the skull 
incisors gave a very large F-value and a p-value of less than 0.001. Such results 
indicated that a significant regression existed (e.g. the slope was significantly 
different from zero). For an isometric relationship, a slope of about two should be 
seen on the logarithmic regression equation. 	For the jaw incisor, the slope was 1.61, 
and for the skull incisor, the slope was 1.93. These values were not significantly 
different from 2, as the t-tests indicated in Figure 3. So, some sort of isometric 
relationship was found. 	Also, to support the hypothesis of an isometric relationship, 
high, positive correlation coefficients were determined for both the skull and the 
jaw incisors. 	The coefficient for skull incisor strength and skull length was 0.811, 
and the coefficient for jaw incisor strength and jaw length 0.812. 

As shown in Figure 4, there were a few genera that had residuals greater than 
1.0 from the regression line. For this study, residuals of more than one were 
considered to be significantly different. 
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Figure 2a indicated that there were a few incisors that had radii of less than 
ten times the tooth thickness. For example, the Microtus and Reithrodontomys 
genera had radii had less than ten times the tooth thickness for both the skull and 
jaw incisor. Such radii indicated that the tooth should be considered as a curved 
beam instead of a straight beam. However, for our purposes, all genera were 
considered as straight beams since only a few genera had small radii. 

DISCUSSION 

The results indicated an isometric relationship between incisor strength and 
skull or jaw length. 	So, one can conclude that the strength of the incisors increased 
proportionally to the length of the jaw or the skull. 	This conclusion was interesting, 
for it was not seen in some other animals. For example, the slopes on the logarithmic 
plots for skull canine' strength and skull length for canids and felids were 
significantly different from 2, the value necessary in this equation for an isometric 
relationship. 	The t-statistic for canids was 2.184, which was significant at the t.05 
level. The ,t-statistic for felids was 4.289, which was also significant at the t..05 level 
(Van Valkenburg, 1986). .• 

One possible explanation why isometry is not seen at all in canids or felids may 
deal with diet and eating patterns.. Canids and felids are carnivorous animals, and, 
when they eat, they tear and shear their prey with their canines. 	This shearing 
motion is dependent upon the strength, of the animal's canines. 	A large animal would 
have to eat more, than a smaller animal to satisfy its nutritional needs. This increased 
need for food, means that canines are used more frequently to tear and shred its prey 
in large 'animals. Hence, a much stronger canine would result for a larger carnivore 
than a smaller carnivore in order for the larger animal to survive. 	Having a much 
stronger canine in large canids and , felids would result in nonisometry. 

There may be another hypothesis for nonisometry in canids and felids. The 
answer may deal with another function of the canine. 	Canines in carnivores are 
used not only for tearing but also for holding its prey. Holding a large animal with 
its canies takes much more strength than holding a small animal, since a large 
animal can generate more force in escaping. So, a large canid or felid, who would 
usually eat larger prey than small canids and felids, would hence have stronger 
canines. 	These two explanations for canid and felid nonisometry, however, are only 
speculations. 	. 

A reason for isometry in rodents may deal with its diet. The species studied 
here are omnivorous, but their main diet consists of , mainly plant matter, as shown in 
Table 1. 	With a basically herbivorous diet, no selection for much stronger incisors 
may occur. As another reason for the difference between the rodents and the two 
carnivores, there is the possibility that the animals use their teeth in a distinct way. 
For example, rodents may not use their incisors for holding its prey. However, as 
stated before, all these explanations, are only speculations. 

As shown by tlie, table of deviants on Figure 4 and by the two plots on Figure 2, 
most of the rodents hugged the regression line with residuals of less than +1.0. 
However, there were a few rodents who deviated from the regression line with 
residuals of more than 1.0. One obvious deviant was AP 3, or Cavia, the guinea pig. 
Both its jaw incisors and its skull incisors were much weaker relative to size when 
compared to other rodents' incisor strength. There were a few reasons that may 
explain this deviation. One was its diet. As shown in Table 1, guinea pigs eat soft 
foods like seeds, leaves, and roots. Another reason could be because the specimen 
itself was domesticated. 	Even another plausible explanation could stem from the fact 
that it was the only specimen that had a hystricomorph pattern of jaw specialization 
(Vaughan, 1978). To determine if those species with this type of jaw specialization 
had relatively weaker jaws than other rodents, more research into that type of 



rodent should be done. This study did not have enough hystricomorphs to determine 
such a pattern of relatively weak incisors. The most obvious deviant by far was the 
squirrel (Sciurus). 	The squirrel's skull incisor strength differed form the regression 
line by over +2.7 points, and the strength of its jaw incisors differed from the 
regression line by over +3.9 points. This deviance can be explained by its diet and its 
jaw pattern. 	A squirrel primarily eats nuts, which are much harder than seeds or 
grasses. Hence, stronger teeth were needed for this sort of diet. Also, a squirrel had a 
different pattern of jaw specialization than most of the other rodents studied. A 
squirrel is a sciuromorph (Vaughan, 1978). Again, to determine if this type of jaw 
specialization selects for stronger incisors per size, more research should be done. 
This study did not have enough sciuromorphs to make a definite conclusion. 
However, the data on the beaver (Castor), another animal with this type of jaw 
specialization, suggests that diet was the primary determinant for the strength of the 
squirrel incisor, since the data on the beaver did not deviate very far from the 
regression line. Another deviant is MSU 18, or Sigmodon, the cotton rat. Its jaw 
incisor strength deviated by 1.004 from the regression line, and the skull incisor 
strength differed by 0.900 from the regression line. 	Though its skull incisor 
strength differed by less than 1.0, overall, a trend towards a stronger jaw and skull 
incisor is seen. Again, diet may play a part. Besides soft foods like seeds and grass, 
this genus also eats small animals and insects (Walker, 1964). 	So, a relatively 
stronger incisor tooth might be expected. There were two genera that deviated by 
only the skull incisor strength or the jaw incisor strength. For example, MSU 16, or 
Reithrodontomys, the American harvest mouse, had a weak upper incisor relative to 
its size. However, its lower incisor strength, although it was somewhat weaker, was 
not weak enough to deviate by more than one point on the regression line. The fact 
that only one and not both incisors deviated cannot be adequately explained, but the 
fact that both teeth were somewhat weaker can be explained by its diet. This genus 
primarily eats soft foods like seeds and grass. Hence, a weaker tooth might be 
expected. Also, in MSU 11, or Mus, the house mouse, the lower incisor was 
considerably weak relative to its jaw length, but its upper incisor was not 
significantly weak. 	Both strength values, however, were below the regression line. 
Diet again may play a part, since this genus eats seeds, roots, and leaves. Besides 
these deviants, all the other rodents hugged the regression line within one point. 

By looking at the plots on Figure 2, one noticed that there were also 
differences betweeen animals of the same genus. For instance, one Dipodomys, or 
spiny rat, animal was above the regression line, and the other was below it. Also, one 
Mus rodent, MSU 11, and proportionately weaker incisors than the other one (MSU 
12). These differences can be attributed to a number of factors, such as habitat and 
diet variations. 	Overall, however, similarities in strength were found between 
duplicates of the same genus. 

There were a few possible sources for error in this study. One was in the 
determination of shape. 	An arbitrary decision of cross-sectional shape was given to 
each tooth to calculate the second moment of inertia. Many times, there was some 
ambiguity as to what shape fit the tooth best. This ambiguity was resolved in this 
study by a consensus agreement of shape. A better and more accurate solution to this 
problem would be the use of a computer program that could calculate 'I' based on the 
exact shape of the tooth. However, such a program was not available at the time. 
Another source of error may result from assuming that all the teeth were straight 
beams. As Figure 4 noted, some teeth should be considered as curved beams. This 
assumption may also hinder the results. A third source of error may lie in the 
material of the tooth itself. 	Enamel is much stronger than dentine (Hildebrand, 
1988). So, a tooth that had more enamel than dentine would be stronger than the 
results indicated, or vice-versa, if there were less enamel. 	Finally, another possible 
source of error is in the assumption that the formulas for Sy are accurate for use in 
rodent incisors. 	Since no equipment was available, no empirical measurements of 
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strength were done. Hence, no comparison can be made to see if the formulas are 
accurate. 

CONCLUSION 

From this study, one can conclude that an isometric relationship does exist 
between rodent incisor strength and ,  skull or jaw length. 	One can also conclude that 
diet plays an important factor in determining the strength of the incisor. 
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TABLE 1 

Genus 
	

Diet 

Liomys 	 Seeds, herbaceous parts of plants** 
D ip o do my s 	 Seeds, plants** 
Microtus 	 Seeds, roots, bark, leaves* 
Mus 	 Seeds, roots, stems, human foods** 
Perognathus 	 Seeds** 
Peromyscus 	 Seeds, nuts, berries, insects** 
Reithrodontomys 	 Seeds, grass** 
Sigmodon 	 Weeds, grass, animal matter* 
Rattus 	 Seeds, nuts, meat, fish, grains* 
Meriones 	 Seeds, leaves, roots* 
Cavia 	 Seeds, roots, vegetation of all kinds* 
Neofiber 	 Sugar cane, mangrove bark, sedge* 
Castor 	 Bark and cambium** 
Squirrel 	 Nuts** 

* Walker, 1964. 
** Hall and Kelson, 1959. 

FIGURE 1A 

Regression analysis for skull incisors 

Regression equation= -9.39 + 1.93 log skull length 

p value < 0.001 

Correlation coefficient= 0.811 

FIGURE 1B 

Regression analysis for jaw incisors 

Regression equation= -8.19 + 1.61 log jaw length 

p value < 0.001 

Correlation coefficient= 0.812 
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FIGURE 3 

T-test for isometry 

Jaw Incisor: 	 Skull Incisor: 

t = -0.586 	 t = -0.102 

p > 0.05 p > 0.05 

These t-tests both reject the hypothesis that the slopes are significantly different 

from 2. Instead, these two tests accept Ho, which states that the slopes are not 

significantly different from 2 at the t0.05 level. 

TABLE 2 

Residual values 

Rj 	 Rs 

MSU 1 	Liomys 	 0.710 	0.585 
MSU 4 	Liomys 	 0.391 	0.665 
MSU 5 	Dipodomys 	 * 	 -0.567 
MSU 6 	Dipodomys 	 0.692 	0.308 
MSU 7 	Microtus 	 -0.027 	0.256 
MSU 8 	Microtus 	 -0.107 	0.082 
MSU 11 	Mus 	 -0.241 	0.302 
MSU 12 	Mus 	 -0.241 	0.302 
MSU 14 	Perognathus 	* 	 -0.049 
MSU 15 	Peromyscus 	* 	 0.283 
MSU 16 	Reithrodontomys 	-0.449 	-1.378 
MSU 17 	Reithrodontomys 	0.187 	-0.643 
MSU 18 	Sigmodon 	 1.005 	0.900 
MSU 19 	Sigmodon 	 0.320 	0.272 
AP 1 	Rattus 	 -0.584 	-0.092 
AP 2 	Meriones 	 0.345 	0.752 
AP 3 	Cavia 	 -1.219 	-1.520 
MSU 22 	Neofiber 	 -0.499 	-0.321 
Beav 	Castor 	 0.573 	0.109 
AP 4 	Sciurus 	 * 	 * 

KEY: 
Rj- residuals from the regression line for jaw incisors 
Rs- residuals from the regression line for skull incisors 
NOTE: Residuals of more than + 1.0 are considered to be deviant. 
* Values not availables 
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COMPUTER AIDED DESIGN OF THE E771 CALORIMETER 

TREY WHITE 

Supported in part by the National Science Foundation and the Commonwealth 
Center for Nuclear and High Energy Physics ^ A  

ABSTRACT 

Preparations for Experiment E771 at Fermilab include upgrading and using the 
calorimeter from an earlier experiment, E705. A computer Monte Carlo technique 
was .  used to design a new optical system for the calorimeter. Development of this 
Monte Carlo took place at the High Energy Physics Laboratories at the University of 
Virginia during the summer and fall of 1990. 

INTRODUCTION 

Experiment E771, with the proposed title "Beauty Production and Other Heavy 
Quark Physics Associated with Dimuon Production in 900 GeV/c  PP Interactions," [1] is 
the combined effort of physicists, technicians, graduate students, and 
undergraduates at nineteen universities, including the University of Virginia. 	As is 
typical of high energy physics experimentation, much work is necessary to design 
and build the complex equipment needed to perform this experiment. 

One project underway at the University of Virginia is the development of a 
calorimeter to be used in the experiment.[2] 	This paper describes the computer 
Monte Carlo simulation used to determine and test the design of the optical system for 
this calorimeter. First comes an overview of Experiment E771. This is followed by a 
discussion of the design of the new calorimeter and, finally, by a description of the 
simulation techniques used to test this design. 

EXPERIMENT E771 

- In Experiment E771, a high energy proton beam (900 GeV/c)  will impact a 
tungsten target foil, and the various detectors forming the High Intensity Lab 
Spectrometer will detect the resulting particles. 	A proton beam of such high energy 
will be able to create interactions involving heavy quarks, along with other less 
exotic, more numerous particles. 	By selectively detecting the final products of these 
heavy quark interactions - quark/anti-quark pairs, heavy electrons, and gamma 
rays produced in the decay process - the experimenters will observe, and study these 
rare heavy quark interactions despite the presence of heavy background. 

Fortunately, much of the preparation for this experiment has involved 
modifying and upgrading the existing hardware from a previous experiment, E705. 
The high energy proton source will be the Proton-West secondary beam at Fermilab. 
Modifications, including the addition of ten new bending magnets, have been made to 
the accelerator to achieve the necessary 925 GeV/c. 

The E771 High Intensity Lab Spectrometer will detect the results of collisions 
between the target and this 925 GeV/c beam (Figure 1). The spectrometer features 
open geometry,. and will be able to handle high event rates. Also, it has an effective 
muon detection system, an important quality since muon production is a primary 
result of •  the reactions that will be studied. In front of this muon system will be an 
electromagnetic •calorimeter that will provide the equally important detection of 
gamma rays and electrons. The design of this calorimeter has been one of the 
concerns of the High Energy Physics department at the University of Virginia. 



E771 SCIFI ELECTROMAGNETIC CALORIMETER 

Highly energetic collisions between protons and nuclei produce many 
particles, some of which decay and radiate gamma photons. 	An electromagnetic 
calorimeter detects these photons and determines their position and energy. 	The 
existing calorimeter, that used in E705, has an array of glass blocks that come in two 
sizes, 7.5 x 7.5 cm2  faces and 15 x 15 cm 2  faces, and two compositions, scintillating 
glass and lead glass (Figure 2). 

Unfortunately, the scintillating glass blocks used in this calorimeter have two 
important deficiencies. 	The scintillation process is too slow for the high rates of 
interactions (up to 10 7  interactions/s) anticipated for Experiment E771, and the high 
intensity (925 GeV/c) of the proton beam would cause the glass to become opaque. 

Investigation into different calorimeter technologies revealed three possible 
replacements for the scintillating glass blocks: barium floride (BaF2), lead floride 
(PbF2), and scintillating fibres (SCIFI). 	Scintillating fibres appeared to be the 
cheapest and fastest, while being adequately resistant to radiation. 	Thus, the E705 
calorimeter's scintillating glass blocks will be replaced by lead blocks containing an 
array of scintillating fibres. The face of each lead block will be 7.5 x 7.5 cm 2 , with 
each block holding 2500 (50 x 50) fibres (Figure 3). The outer blocks will each be 
connected to a single photomultiplier via a single light guide (Figure 4), while the 
inner blocks will each be connected to four smaller photomultipliers via four light 
guides to provide better spatial resolution (Figure 5). The lead blocks will be 
arranged in a pattern similar to that of the scintillating glass blocks in the E705 
calorimeter (Figure 6). 

The new calorimeter will work in the following way. Gamma rays will travel 
the length of the spectrometer and reach the lead blocks of the calorimeter. 	There, 
the rays will interact with the lead and produce a shower of charged particles 
(Figure 7). Each incident gamma ray will produce an electron-positron pair. This 
charged pair will then collide with nuclei in the lead and thus radiate more gamma 
rays (bremsstrahlung). The showers of gamma rays and particles will quickly grow, 
with the total number of particles produced dependent directly upon the energy of 
the original gamma ray. 	The calorimeter will detect these charged particles, thus 
providing a measure of the energies of the incident gamma rays. 

The detection of the charged particles will occur in the many 1 mm diameter 
scintillating fibres within the lead blocks. 	These fibres have a polystyrene core 
doped with a scintillating material. The fibres are also doped with a second wave-
shifting material so that light radiated by the scintillator will not be re-absorbed. 
Outside the core is a cladding (PMMA) with a lower index of refraction (1.49) than the 
core (1.60), facilitating total internal reflection within the fibre. 

Charged particles created in a shower will traverse some of the fibres, exciting 
the scintillator within. 	The scintillating material will then radiate, thus exciting the 
wave-shifting material, which will re-radiate at a longer wavelength (Figure 8). 
Though most of this radiation will escape the fibres, some (5.7%) will totally 
internally reflect and reach a light guide at the end of the lead-fibre block. 	The 
light guide will then funnel the light to a photomultiplier, where the light will be 
translated into an electrical signal. 

For the calorimeter to be effective, it must have two important characteristics. 
First, it must be efficient enough to transport adequate light to the photomultipliers. 
More importantly, however, it must give a uniform response. The output signal 
should depend only of the energy of the gamma ray, and not on its transverse 
position. Gammas with the same energy should produce the same response. 

The solutions to both of the above problems lie in the design of the light guide 
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connecting the scintillating fibres to the photomultiplier. 	One factor of light guide 
design influencing efficiency is that the faces of the blocks and the faces of the 
photomultipliers are different respective sizes and shapes; the faces of the blocks are 
necessarily larger than those of the photomultipliers. 	Thus, no direct connection 
between the blocks and photomultipliers can transport all the light. 	At the very 
least, a percentage of light proportional to the difference between the areas of the 
two faces will be lost (Figure 9).[3] 

This loss may be avoided by extending the fibres from the end of each block 
and drawing them together in a bundle before attaching them to the light guide. 
Thus, the differences between cross-sectional area are diminished (Figure 10). 	This 
technique also has problems, however. The most obvious problem is the fragile 
nature of the fibres. Also, if some of the particles created in a shower escape from 
the lead block array and reach the densely bunched fibres, an anomalously large 
signal will result. 	This effect can considerably degrade signal linearity if more than 
0.1% of all shower activity escapes the lead blocks. 

Where most problems with efficiency come from the scintillating fibres, the 
most serious threat to signal uniformity comes from fluctuations in the surfaces of 
the photocathodes in the photomultipliers. 	Fluctuations in these surfaces cause the 
readings of photomultipliers to be . dependent on where the incident light hits each 
photocathode (Figure 11). To combat this, light leaving any fibre must be "mixed" or 
"randomized" so that it is equally likely to hit anywhere on the respective 
photocathode. 	This "mixing" is the responsibility of the light guide, and it effectively 
eliminates position dependence of the electrical signal, thus restoring signal 
uniformity to the system. 

THE TRAP LIBRARY 

The preliminary design of the light guides was determined and tested through 
computer simulation. This simulation was facilitated by the development and use of 
the TRAP library of FORTRAN subroutines. . The development of the library took the 
greater part of the summer of 1990, and many improvements were yet to be made. 
The results listed are the result of less than two weeks of actual use of the library. 

Despite its application specifically towards the design of the E771 Calorimeter 
light guides, the TRAP library was intended from its conception to . be a general and 
versatile light simulation package; applicable to many design environments. 	The 
various subroutines forming the library are used to create surfaces between media 
and calculate the actions of photons placed within the media. 

This is done in the following way. First, the user creates a file describing the 
surfaces and media in the optical system. Media are defined' by their indeces of 
refraction and attenuation lengths. 	Objects are defined by their shapes 
(parallelagram, triangle, disc, ring, or cone), dimensions, reflectances, and media. 
The remaining steps come as calls to subroutines from within a FORTRAN program. 
First, the program calls INITOB, which reads the data from the data file. The program 
may then call REPORT, which produces a text description of the system outlined by 
the data file, or. it may call DRAWOB, which writes a file to be used by the Top Drawer 
graphics package [6] to display the optical system. The program must then create a 
photon and call the TRAP subroutine, which, in turn uses the remaining subroutines 
in the TRAP library to calculate the interactions (reflection, refraction, attenuation, 
detection, etc.) between the given photon and the optical system described by the 
data file. The output from TRAP is then used to draw ray diagrams (through 
Topdrawer), determine optical efficiencies, determine exit angles, etc. 
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Before TRAP was used for the specific task of designing the E771 Calorimeter 

light guide, it was tested it was tested using several simple cases to ensure the 
legitimacy of its results. An example test was the simulation of the transport of light 
generated at the center of an opaquely clad fibre to a point many diamerters away. 
The amount of light reaching the point was determined to be 3.44%, in agreement 
with the calculated value. 	Another test was the simulation of attenuation and 
dielectric reflectance. 	Finally, ray tracing plots of various general systems, glass 
planes, prisms, and fibres, proved the validity of the TRAP library. Unfortunately, 
the use of TRAP barely passed this testing stage before the research covered by this 
paper had ended. The few experimental results that were acquired, however, were 
informative. 

These results were from the separate simulation of three shapes of light 
guides. The first shape was a simple square-faced block with a 7.5 x 7.5 cm 2  face 
attached directly to the face of the lead-fibre block. The remaining two shapes 
required that the fibres in the lead block be drawn out and squeezed into as small a 
cross-sectional area as possible: a hexagon, 6 cm between opposite corners, and a 
cylinder with a 5.4 cm diameter. Each of these shapes was simulated with fibre 
lengths from 10 to 30 cm. Also, for each shape, specific fibre locations were chosed to 
be representative of all the fibres connected to the guide. The square and hexagonal 
guides were simulated with a fibre located near a side, near a corner, at the center, 
and mid-way between a corner and the center and a side and the center. The 
cylinder was simulated with a fibre near the edge, at the center, and mid-way 
between the edge and center. Each fibre location was simulated separately. 

Results came in the form of scatter plots. The area of each plot represents the 
cross-section of a light guide, and the plotted points represent photons incedent on 
the end of the guide opposite that attached to the fibre. The large circle shows the 
position and size of the face of the photocathode attached to the guide, and the small 
dark circle represents the face of the fibre connected at the other end (Figure 12). 
Figures 13 through 15 represent these plots, with each figure dedicated to a single 
shape of guide. The plots are arranged in columns by fibre position, with the length 
of the guide increasing down the column. 

The plots provide immediate information on the uniformity of light 
distribution provided by each guide design. The cylinder is shown to be an 
ineffective light guide, producing obvious patterns at all lengths and fibre positions. 
The hexagonal guide is better, though some patterns are still produced. The best 
results are from the square guide, which creates a relatively uniform distribution 
from 22 cm on. Its advantage is compounded by the fact that it would be cheapest and 
easiest to produce. 

Thus, the results of the simulation showed the square-faced light guide to be 
superior for the purposes of the E771 Calorimeter, with the hexagonal and circular 
light guides proving to be less and less capable, respectively. 	The superiority of the 
hexagonal guide over the circular has been shown experimentally at CERN, 
suporting the results of the simulation.[5] The CERN data were comparisons of the 
lateral response of calorimeter modules to a f source. 	Unfortunately, only circular 
and hexagonal light guides were tested, for the calorimeter modules had hexagonal 
profiles. 

.Continued simulation by Dr. Craig Dukes using TRAP, however, has supported 
the original findings regarding all three light guide shapes. Further measurements 
of the uniformity of light guide acceptance and light mixing have continued to show 
the square face as the best design.[6] 
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Figure 1. E771 High Intensity Lab Spectrometer. 
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Figure 2. Front view, E705 calorimeter array. Shaded blocks are scintillating 
blocks. Others are lead glass blocks. 
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Figure 3. 	Lead/fibre matrix. 

Figure 4. 	Single Photomultiplier Module. 
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Figure 5. Four Photomultiplier Module. 
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Figure 6. Front view, E771 calorimeter array. Lead/fibre blocks are shaded. 

Figure 7. 	Beginnings of a charged particle shower. 

Figure 8. 	Operation of a scintillating fibre. 



Figure 9. 	Lost light from differences in cross-sectional area. 

Figure 10. Drawn-out and bundled fibres. 

Figure 11. 	Problematic fluctuation in a photocathode. 
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Figure 12. 	Scatter plot description. 



Figure 13. 	Cylindrical guide scatter plots. 

Figure 14a: Hexagonal guide scatter plots. 

Figure 14b. 	More hexagonal guide scatter plots. 

Figure 15a, 	Square guide scatter plots. 

Figure 15b. More square guide scatter plots. 
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Figure 13. 	Cylinder guide scatter plots. 
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Figure 14a. 	Hexagonal guide scatter plots. 
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Figure 14b. Hexagonal guide scatter plots. 
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Figure 15a. 	Square guide scatter plots. 
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Figure 15b. 	Square guide scatter plots. 
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