
Electrostatics of two 
charged spheres at small 
separation

YI SONG

RHODES COLLEGE



Electrostatics around us

http://www.thunderheads.club/the-formation-of-rain-drops.html

https://prezi.com/pu3galoyh53-/electrostatic-spray-paint/

https://separating-mixtures.wikispaces.com/Electrostatics



Problem Set-up
The charges on the two spheres 

are given by:

Goal: To study the capacitance and

electrostatic force in the limit

when the two sphere are about 

to touch each other.
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For equal-sphere case: 
•If the two sphere are of the same size, then 𝐶 = 𝐶 and 𝐶 = 𝐶 . 

•The charges of the two spheres can be expressed in matrix form: 

•Furthermore, the equation is rewritten in diagonalized form: 

•Therefore, we can define the following: 𝐶 = 𝐶 + 𝐶 and 𝐶 = 𝐶 − 𝐶 .



Capacitance analysis
•Through method of images, we obtain the expressions of dimensionless capacitance coefficients

in which 𝛽 is the dimensionless center-to-center distance between the spheres. 

Note that when 𝛽 = 1, the two spheres touch each other, when 𝛽 = 0, the two spheres are far away 
from each.



Capacitance analysis
•For 𝛽 close to 0, we obtain series expansions of capacitances as the following

•For 𝛽 close to 1, the series expansions of capacitances are:

•Those results meet with the classic results of capacitances, as shown in the plot.



Capacitance plot



Electrostatic force
•The dimensionless electrostatic force between two spheres is given by: 



Electrostatic force
•Note that 𝑐 and 𝑐 are not defined when 𝛽 = 1 (when the two spheres touch each other). 
Therefore, we substitute 𝛽 by a new variable 𝜇 such that 𝛽 = 𝑒 . 

•We now obtain following expressions of the forces:

•Notice that 𝑓 and 𝑓 are linear combination of repulsive and attractive component.  



Force expansions in the near limit
•We derive the series expressions of forces about µ = 0. 

•For the case of fixed voltages, the repulsive and attractive components of the force are:

•For the case of fixed charges, the force components are: 



Force plot

two spheres touchtwo spheres are far
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