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Problem Set-up

The charges on the two spheres

are given by:
Qa = CaaVa + Cabe
Qb = CpoVo + CotVs

Goal: To study the capacitance and

electrostatic force in the limit

when the two sphere are about

to touch each other.



For equal-sphere case:

*If the two sphere are of the same size, then C,, = Cpp and C,p = Cpg,.

*The charges of the two spheres can be expressed in matrix form:

(Qa) _ [Caa Cab:| (Va)
Qb N Cab Caa %

*Furthermore, the equation is rewritten in diagonalized form:
Qa+Qb B Caa + Cab Va +Vb
Qa Qb 0 Ccm _ Va Vb

*Therefore, we can define the following: C, = C,, + C4p and C_ = Cyq — Cyp



Capacitance analysis

*Through method of images, we obtain the expressions of dimensionless capacitance coefficients
1 — 52 > ﬁk 262k
e = () 2 (5w - =)
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in which 8 is the dimensionless center-to-center distance between the spheres.
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Note that when = 1, the two spheres touch each other, when § = 0, the two spheres are far away
from each.



Capacitance analysis

*For 3 close to 0, we obtain series expansions of capacitances as the following
cr=1-B+B B +57+5° - 5 - 0+ 0(8")
co=1+8+8+8 -8 +5+5° -8+ 0(8")

*For 8 close to 1, the series expansions of capacitances are:

cy =log2 + i(l —B8)? (-1 +4log2) + O [(1 - B)°]
1

c_ =log2+~y— # —log(1—p) + %(1—5)2 [—7+ 67+ 6log2—6log(1l — B)] + O [(1 — B)°]

*Those results meet with the classic results of capacitances, as shown in the plot.



Capacitance plot
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Electrostatic force

*The dimensionless electrostatic force between two spheres is given by:

fr =12 [ ko) oy gy, Dot
= () G (5
o= 12 [0 gy e 2,2t
452 /1 21 d 1—gs\2 1 de_
f=-1—gl(5H) 27 + (5 =%



Electrostatic force

*Note that ¢, and c_ are not defined when f = 1 (when the two spheres touch each other).
Therefore, we substitute f by a new variable u such that § = e™#.

*We now obtain following expressions of the forces:

fv = 2cosechp,[(1+”b)2dc+ n (1 —’Ub)gdc_]

2 du 2 dp
1+qgp\2 1 dey 1—qgp\2 1 de_
= 2cosechn| () 3+ () 70
fo cosech p 5 & dp + 5 Z

*Notice that f; and f, are linear combination of repulsive and attractive component.

dC_|_ 1 dC+

fif = 2cosech p—— fo = 2cosech p———
v dp Q ci dp
de— 1 dc_

fv = 2cosech Mdc—,u fg = 2cosech hz dc_”



Force expansions in the near limit

*We derive the series expressions of forces about u = 0.

°For the case of fixed voltages, the repulsive and attractive components of the force are:

2 1 _ 1 log 1
+_ 2 L _ L 1
Fir 3 log 2 G + O(p) v o2 3 +O0(1)

°For the case of fixed charges, the force components are:

4log2 —1 5 — 23log 2 + 96 log” 2
+ _ |2 ef | 2_0 4
fa=| 61og” 2 |- 360 log? 2 Ju - 0w
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Force plot
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