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Abstract: In the standard time-inhomogeneous diffusion model, estimation of the

volatility function is far more important for Monte Carlo pricing than estimation of

the drift function (due to a standard application of Girsanov’s Theorem). As such,

we study the distribution of option prices under the uncertainty of volatility function

estimation. First, we run Monte Carlo simulations to price a variety of options using

a fixed estimate of the volatility function. Then, we run Monte Carlo simulations

to price a variety of options using a bootstrapped re-estimation of volatility function

in each Monte Carlo trial. The differences in the resulting distributions of option

prices may have implications for thinking about the bid-ask spread on an option

price, and can be compared to historical data to gain a more complete perspective on

the acceptability of various American-style option prices.
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1 Introduction

One of the most central and widely-acknowledged assumptions of option pricing the-

ory is that it is impossible to predict the values of tomorrow’s asset prices with

absolute certainty. That is, for an asset price at time t denoted by Xt, it is impossible

to predict the price at Xt+1. Through statistical analysis and under the assumption

that the stochastic process is time-inhomogeneous however, the past history of any

asset can be studied to determine mean, variance, skewness, and distribution (among

other measures) and estimate the fair price of a given asset. It is also assumed that

asset prices move randomly due to the efficient market hypothesis, which states that

(1) the past history of an asset is fully reflected in the present price, but does not

contain any further information, and (2) markets respond immediately to new in-

formation about an asset [25]. Each relative change in asset price is measured by a

change denoted by dXt. The most common model of these changes has two parts: a

deterministic, anticipated contribution µ(Xt)dt, where µ is a measure of the average

rate of growth, or drift, of an asset price when the asset is at the level Xt, and a

stochastic contribution σ(Xt)dWt that models random change, where σ measures the

average rate of growth, or volatility at the level Xt, of an asset price, and dWt is

approximately a normally distributed random variable. Thus, the return on an asset

price is given by the time-inhomogeneous stochastic differential equation

dXt = µ(Xt)dt+ σ(Xt)dWt. (1)

Let Equation (1), also known as the random walk of an asset price, have a probability

transition density p(X, t,X ′, t′). Then it satisfies the partial differential equation

∂p

∂t
+

1

2
σ(Xt)

2 ∂
2p

∂X2
+ µ(Xt)

∂p

∂X
= 0 (2)
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which is called the backward Kolmogorov equation. Suppose Equation (1) represents

the value of an asset at expiry time T . It is natural, then, to find the present value

of the expected amount received. Multiply p(X, t) by the discount factor to give

V (x, t) := e−r(T−t)p(X, t) (3)

where r is a constant deterministic interest rate. Then Equation (3) satisfies

∂V

∂t
+

1

2
σ(Xt)

2∂
2V

∂x2
+ µ(Xt)

∂V

∂x
− rV = 0 (4)

which is almost exactly like the Black-Scholes partial differential equation for pricing

an option. The only difference is that there is no µ in the Black-Scholes equation,

but instead the Black-Scholes equation has an r in place of µ. Replace µ with r and

consider a new random walk given by

dXt = r(Xt)dt+ σ(Xt)dWt (5)

Equation (5) gives a risk-neutral random walk for X [24]. Unlike many differential

equations, this stochastic differential equation cannot be solved to generate a deter-

ministic path for asset price X, but it can give interesting information about the

behavior of X in a probabilistic sense [25].

One of the most useful applications of Equation (1) is its use in estimating the fair

value of a call option. Strictly defined, a call option is a derivative that gives the

holder the right, but not the obligation, to buy or sell an asset at a specified price

until a specified expiration date [5]. Its payoff function is therefore nonlinear. Thus,

the buyer of a single call option with a strike price of $50 and an expiration date of

May 1 has the right to purchase 100 shares of a given stock for $50 on or before May

1. This right will be exercised only if it is profitable to do so. The fair value of an
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option in the Black-Scholes model is the present value of the expected payoff at the

expiration date under the risk-neutral random walk for the underlying [24]. The fair

value of the option at time t is given by

V (t) = e−r(T−t)E∗[f(ST )] (6)

where r is the interest rate, T is the expiration date, and E∗[f(ST )] is the expectation

of the risk-neutral random walk with respect to the derivative’s payoff function. As

previously discussed, the expectation of the risk-neutral random walk is subject to

a degree of uncertainty, namely the component dWt in its stochastic term. Pricing

the call option, then, requires many simulations of Equation (6) to account for the

randomness of the term. This is done effectively using Monte Carlo simulation, which

involves repeated random sampling to estimate a mean—in our case, the average

discounted risk-neutral payoff of some option. Financial researcher Paul Wilmott

gives an algorithm in [24] to execute Monte Carlo simulation to price an option,

which is as follows:

1. Simulate the risk-neutral random walk from Equation (5), starting at today’s

value of the asset Xt over the required time horizon (until the option expires).

This is one realization of the underlying price path.

2. Calculate the option payoff using Equation (6) for this realization.

3. Repeat steps 1 and 2 n times, where n is an arbitrarily large integer.

4. Find the average payoff over all realizations.

5. Take the present value of this average. This is the option value.

Monte Carlo simulation is a viable technique for estimating option prices because

correlations between assets can be easily modeled, accuracy is directly related to the

number of simulations run, and it is relatively easy to code and develop. In Monte
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Carlo, the accuracy of the result is directly related to the number of simulations run.

By the Law of Large Numbers, it must be true that the average of results obtained

from a number of trials should converge to the expected value as the number of trials

tends to infinity.

Of crucial importance in approximating the price of the option is accurately estimat-

ing the parameters of interest. In this case, the principal parameter of interest is the

volatility function σ. Methods by which σ is estimated are varied across the finan-

cial literature. Volatility can be estimated nonparametrically using kernel-smoothing

estimation of σ by employing kernel estimation of a local mean function. The method-

ology for kernel smoothing is the following.

Recall the continuous-time representation of the stochastic differential equation of

return is given by Equation (1). For purpose of practicality, we will represent the

equation in discrete time by

∆Xt = µ(Xt)∆t+ σ(Xt)ε∆t (7)

where ε∆t are independent normally distributed random variables with mean 0 and

variance ∆t. Then, define Yt as follows:

Yt :=
∆Xt√

∆t
= µ(Xt)

√
∆t+ σ(Xt)εt (8)

where εt are standard normal random variables. For practical purposes, consider

∆t� 1. This is reasonable to assume since, for daily returns, ∆t ≈ 1
251

. Since ∆t is

small,
√

∆t is small, and we can reasonably ignore the first term of Equation (8) for

practical purposes. Thus,

Yt ≈ σ(Xt)εt (9)
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Equation (9) allows for heteroscedasticity in the model. Thus, one can use techniques

similar to the theory of generalized least squares regression to reasonably estimate σ

from Equation (9). This method is discussed and developed in [18].

No matter the method by which σ is estimated, the estimate σ̂ is subject to a degree

of estimation error. Thus, the estimate has a confidence “tube” with which it is

associated, where the true value of the the volatility lies with high probability. As

such, a proper and accurate estimation of σ̂ is crucial for correctly pricing the option

via Monte Carlo simulation. Typically, one estimates σ̂ via a method above, assigns

the value σ̂ to the approximation, and completes the algorithm above. Thus, the

steps for pricing the option are as follows:

1. Estimate σ̂ via a method of one’s choosing.

2. Set σ̂ = σ.

3. Complete Steps 1-5 of Monte Carlo Algorithm as stated in [24]. This is the

option value.

However, one can undertake a different method for pricing the option via Monte

Carlo simulation. Since σ̂ is subject to estimation error, it can vary from estimation

to estimation. Thus, one can bootstrap the estimation of σ and run Monte Carlo

simulation based on a re-sampled value of σ̂ each time. The steps for pricing the

options via this method are as follows:

1. Estimate σ̂ via a method of one’s choosing.

2. Set σ̂ = σ1. Complete Steps 1-5 of Monte Carlo Algorithm.

3. Repeat step 1 and set σ̂ = σ2. Complete Steps 1-5 of Monte Carlo Algorithm.

4. Repeat step 3 n times and average all results. This is the option value.
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Theoretically, simulation with a fixed σ playing the role of σ could differ drastically

from a simulation with bootstrapped value of σ. The fundamental questions at hand

are as follows: What is the distribution of option prices under the uncertainty of

volatility estimation? What is the shape of the distribution of option prices with a

fixed estimate of σ as opposed to many bootstrapped re-estimates of σ?
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2 Review of Relevant Literature

2.1 Pricing Options with Monte Carlo Simulation

Monte Carlo methods are based upon the relationship between probability and vol-

ume [14]. The notion of probability associates an event with a set of outcomes and

defines the probability of that event occuring to be its volume relative to the universe

of possible outcomes. Monte Carlo methods use this relationship in reverse by calcu-

lating the volume of a set and interpreting that volume as a probability. The simplest

form of Monte Carlo simulation is implemented by taking a large number of random

samples within a universe of possible values and finding the number of samples that

fall within a subset of interest. The law of large numbers guarantees that the estimate

approaches its true value as the number of random samples approaches infinity [14].

The seminal work on Monte Carlo simulation’s applications to pricing derivative secu-

rities is Phelim C. Boyle’s 1976 article “Options: A Monte Carlo Approach.” Findings

from Cox and Ross [8] show that if the distribution of the final stock value of an asset

can be found, then the value of the option can be determined through integration.

The integrals will not necessarily have analytic solutions, but can nonetheless be com-

puted through numerical methods. Chen [6] and Parkinson [20] used two different

numerical integration schemes to compute these integrals. Boyle’s paper [2] shows

that Monte Carlo simulation is a third method for obtaining numerical solutions to

option valuation problems. The Monte Carlo numerical scheme uses the fact that

the distribution of stock prices at the time of expiration is determined by the process

generating future stock movements. This process of producing asset “trajectories”

can be facilitated using computer simulation, which determines potential terminal

stock values that can be used to obtain an estimate of the option value through the

payoff functions.
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According to Boyle, it is best to discuss Monte Carlo simulation in terms of eval-

uating a definite integral. Consider

∫
A

g(y)f(y)dy = ḡ (10)

where g(y) is an arbitrary function, f(y) is a probability density function, and A is

some range of integration. To obtain an estimate for ḡ, a number n of samples yi is

selected from f(y). Then the estimate of ḡ is given by

ĝ =
1

n

n∑
i=1

g(yi) (11)

with sample variance

ŝ2 =
1

n− 1

n∑
i=1

(g(yi)− ĝ)2. (12)

The distribution

ĝ − ḡ√
ŝ2/n

(13)

tends to a standardized normal distribution as n approaches infinity. Boyle includes

two variance reduction techniques in order to improve the accuracy of Monte Carlo

Simulation: the control variate method and the method of antithetic variates.

In [8], Cox and Ross have shown that the assumptions of risk-neutrality can be used

to give expected rates of return on stocks, given by

E∗[ST/St] = er(T−t) (14)

where ST is the stock price at expiration, St is the stock price at time t, and r is the

risk-free rate. Furthermore, the ratio of successive stock values (St to St+1) follow a
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lognormal distribution, where

St+1 = Ste
r−σ

2

2
+σx (15)

where σ is the standard deviation (per quarter) of the underlying asset, and x is a

normally distributed random variable with zero mean and unit variance. With this

notation in mind, Boyle describes the process of Monte Carlo simulation using a

dividend-paying stock, with dividends paid at time t denoted by Dt. A value of St+1

is generated. If this value is greater than Dt+1, then St+1−Dt+1 is used as the initial

value at the start of the second period and the procedure continues until ST is ob-

tained. If at some point St+m,m = 1, 2, ..., T − t−1 is less than or equal to Dt+m, the

process stops and another simulation trial starts from time t. The simulation is carried

out n times, and the expected value of max[ST −K,0], where K is the strike price, is

found. This is then discounted at the risk-free rate and used as an estimate of the op-

tion value v̂. Ninety-five percent confidence intervals are given by v̂ ± 2ŝ/
√
n. Boyle

uses the simulation process on three assets with ten different periods to maturity,

using 5000 trials for each simulation. All thirty Monte Carlo estimates were within

two standard deviations of accurate option values founds using numerical integration.

In recent years, Monte Carlo simulation has been used by both financial practition-

ers and academic financial mathematicians to accurately price financial derivatives

such as call options. In [21], Monte Carlo simulation is used to confirm that op-

tion prices are more informative about estimation parameters than asset prices in

continuous-time stochastic volatility models. In [9], Duffie, Darrell and Glynn discuss

an efficient Monte Carlo algorithm for estimating continuous-time security prices, fo-

cusing particularly on the tradeoff between number of time increments and number

of simulations. In [4], two direct Monte Carlo methods, a pathwise method and a

likelihood ratio method method, are uesd for estimating derivatives of security prices
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using simulation. Furthermore, [7] discusses the ways in which Monte Carlo methods

have become of renewed interest in recent years because of their flexibility and com-

putational speed.

2.2 Nonparametric Estimation of the Diffusion Function via

the Maximum Penalized Quasi-Likelihood Method

One possibility for nonparametric estimation of σ in the diffusion function is ac-

complished via the maximum penalized quasi-likelihood method developed in [16].

Consider the discrete anlalog of the stochastic differential equation in Equation (1)

∆Xt = Xt+∆t = µ(Xt)dt+ σ(Xt)ε∆t. (16)

where ε∆t ∼ N(0,1). Assume that ∆t� 1. This gives

∆Xt+∆t −Xt = σ(Xt)
√

∆tε. (17)

Then define the quasi-likelihood function of Xt by

ql(σ|Xt0 , ..., Xtn) =
n∏
i=1

1

σ(Xti)
√

2π
e

(Xti+1
−Xti )

2

2σ(Xt)
2 (18)

and the subsequent quasi-log-likelihood function is given by

qll(σ|Xt0 , ..., Xtn) = log(
n∏
i=1

1

σXti

√
2π
e

(Xti+1
−Xti )

2

2σ(Xt)
2 )

=
n∑
i=1

{
log σ(Xti)− log

√
2π −

(Xti+1
−Xti)

2

2σ(Xt)2

} (19)

which is more mathematically tractable and maintains all relevant information from
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the likelihood function since the log function is monotonic and therefore one-to-one

[17]. Then, define the weighted quasi log-likelihood function by

wqll(σ|Xt0 , ..., Xtn) =
1

n

n∑
i=1

{
log σ(Xti)− log

√
2π −

(Xti+1
−Xti)

2

2σ(Xt)2

}
(20)

Equation (20) is maximized by any points that pass through the collection of points

{(Yti , |Rti |)}ni=1. However, this approach is mathematically untractable since the esti-

mators obtained often oscillate wildly. Therefore, we define a function that penalizes

estimators that have infinite or nearly-infinite derivatives at various points. Define a

function the penalized weighted quasi log-likelihood function by

pwqll(σ|Xt0 , ..., Xtn) =
1
n

n∑
i=1

[log σ(Xti)− log
√

2π −
(Xti+1 −Xti)

2

2σ(Xt)2
]− λ

2

∫ MT

mT

|σ(m)(υ)|dυ

(21)

where mT and MT are the lowest and highest prices of the path of the stock price

over [0, T ]. Then the following must be true:

1. There exists a σ∗ = argmaxσ∈W (2,m) pwqll(σ|Xt0 , ..., Xtn)

2. σ∗ is unique.

3. σ∗ is a natural spline of order 2m− 1.

4. There exists a numerical scheme that finds σ∗.

The theory and methodology for this estimation scheme is developed in [16].

2.3 Nonparametric Estimation of the Diffusion Function via

Kernel-Based Methods

In recent years, interest in nonlinear regression, and particular interest in estimation of

the diffusion function, has provided an extensive amount of rich and relevant literature
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on the topic. One significant paper on the subject was Jianqing Fan and Qiwei Yao’s

“Efficient Estimation of Conditional Variance Functions in Stochastic Regression”

[13]. In the paper, the authors propose a residual-based method for estimating the

conditional variance in a set of statistical data. Let {(Ti, Xi)} be a two-dimensional

strictly stationary process. Define

m(x) = E(Y |X = x) (22)

and

σ2(x) = var(Y |X = x) > 0 (23)

Then we can define a regression model of Y on X by

Yi = m(Xi) + σ(Xi)εi (24)

In order to effectively create a model, the authors apply a local linear regression to

the squared residuals. Previous models suffered from issues related to high bias of

the estimator. The idea of using a residual-based estimator of conditional variance

had been used in previous research, but the particular estimator described in Fan

and Yao’s research is regression-adaptive, which means that with or without knowing

m, it is possible to conditionally estimate σ2. Furthermore, in using this approach,

it is not necessary to undersmooth the regression function m in order to obtain an

estimator for σ2. Instead, allows the user to use a data-driven bandwidth selector in

estimating m, and use the same selector for the squared residuals to estimate σ2.

Sincem(.) is typically unknown in practice, it is naturally replaced by a nonparametric

regression estimator [13]. Then m̂(x) = â is the local linear estimator that solves the

weighted least-squares problem:
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(â, b̂) = argmin
a,b

n∑
i=1

{Yi − a− b(Xi − x)}2K
(Xi − x

h2

)
(25)

where K is a density function and h2 > 0 is a bandwidth. Define the squared residuals

r̂i = {Yi − m̂(Xi)}2. Then σ̂2(x) = α̂ with kernel W and bandwidth h1 is the locally

linear residual-based estimator which solves

(α̂, β̂) = argmin
α,β

n∑
i=1

{r̂i − α− β(Xi − x)}2W
(Xi − x

h1

)
. (26)

Fan and Yao find that the variance estimator σ̂2 is asymptotically normal and is an

efficient estimator. Furthermore, the authors use a bandwidth selection rule for a

local linear regression subject to data of the form (X1, Y1), . . . , (Xn, Yn). Much re-

search has been done on proper bandwidth selection for estimation of the diffusion

function, among other kernel-based estimation methods. As is known in statistics and

computing, the bandwidth is a smoothing parameter that is often calculated from the

relevant data. Its proper selection is important for a proper estimate of, for example,

the volatility function.

In [12], Jianqing Fan and Irene Gijbels discuss the methodology of properly selecting

the bandwidth parameter. The performance of local polynomial regression estimators

are dependent primarily on two choices: the order of the local polynomial fit and the

bandwidth. The bandwidth selection can be constant or variable; constant bandwidth

is typically sufficient when the unknown curve is smooth, while variable bandwidth is

preferred when the curve is not smooth. Local polynomial fitting captures spatially

inhomogeneous curves by using the order of the fit (for fixed bandwidth) or choosing

an appropriate bandwidth at each point when using a fixed order of fit [12]. Choosing

these two parameters is often difficult to do, and Fan and Gijbels propose a method to

choose bandwidth that enhances spatial adaptation of local polynomial fitting. The

variable bandwidth selection, which is most often used for diffusion function estima-



14

tion, involves initially partitioning the interval of estimation [a, b] into subintervals Ik

and using a bandwidth selector in each interval. Let RSC(y;h) = σ̂2(y){1+(p+1)V }

be the residual squares criterion which estimates the local mean-squared errors, and

let β̂p be estimated regression coefficients from fitting a p-order polynomial selected

by RSC. Then, for each interval Ik, fit a (p+ 2)-order polynomial to select the proper

bandwidth for estimating βp+1 by minimizing the integrated residual squares criterion,

given by

IRSC(h) =

∫
Ik

RSC(y;h)dy. (27)

Then, smooth the resulting bandwidth step function by averaging locally on each

subinterval. Use this bandwidth function to fit a (p+ 2)-order polynomial and obtain

β̂p+1(x0), β̂p+2(x0), and σ̂2(x0). Do this for each subinterval Ik, and fit a p-ordered

polynomial. This approach gives the final estimated curve.

In [13], Fan and Yao use a bandwidth selection scheme similar to that presented above

in their local linear fit. Their method is as follows: Let ĥ(X1, . . . , Xn;Y1, . . . , Yn) be a

data-driven bandwidth selection based on data (X1, Y1), . . . , (Xn, Yn). Use bandwidth

h2 = ĥ(X1, . . . , Xn;Y1, . . . , Yn) to estimate m̂(Xi). Compute the squred residuals, as

given above. Then apply the same bandwidth h1 = ĥ(X1, . . . , Xn;Y1, . . . , Yn) to ob-

tain σ̂2.
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3 Methodology

3.1 Two Methods of Monte Carlo Simulation

No matter the method by which σ is estimated, the estimate σ̂ is subject to a degree

of estimation error. Thus, the estimate has a confidence “tube” with which it is

associated, where the true value of the the volatility lies with high probability. As

such, a proper and accurate estimation of σ̂ is crucial for correctly pricing the option

via Monte Carlo simulation. Typically, one estimates σ̂ via a method above, assigns

the value σ̂ to the approximation, and completes the algorithm above. As previously

mentioned, the steps for pricing the option are as follows:

1. Estimate σ̂ via a method of one’s choosing.

2. Set σ̂ = σ.

3. Complete Steps 1-5 of Monte Carlo Algorithm as stated in [24]. This is the

option value.

Since σ̂ is subject to estimation error, it can vary from estimation to estimation.

Thus, one can bootstrap the estimation of σ and run Monte Carlo simulation based

on a re-sampled value of σ̂ each time. As previously mentioned, the steps for pricing

the options via this method are as follows:

1. Estimate σ̂ via a method of one’s choosing.

2. Set σ̂ = σ1. Complete Steps 1-5 of Monte Carlo Algorithm.

3. Repeat step 1 and set σ̂ = σ2. Complete Steps 1-5 of Monte Carlo Algorithm.

4. Repeat step 3 n times and average all results. This is the option value.

Theoretically, simulation with a fixed σ playing the role of σ could differ drastically

from a simulation with bootstrapped value of σ. To reiterate, the fundamental ques-

tions at hand are as follows: What is the distribution of option prices under the
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uncertainty of volatility estimation? What is the shape of the distribution of option

prices with a fixed estimate of σ as opposed to many bootstrapped re-estimates of σ?

3.2 Types of Options Studied in the Research

As previously defined, a call option is a derivative with a nonlinear payoff function

that gives the holder the right, but not the obligation, to buy or sell an asset at a

specified price until a specified expiration date [5]. Thus, the buyer of a single call

option with a strike price of $50 and an expiration date of May 1 has the right to

purchase 100 shares of a given stock for $50 on or before May 1. This right will be

exercised only if it returns a profit. The fair value of an option in the Black-Scholes

Model is the present value of the expected payoff at the expiration date under the

risk-neutral random walk for the underlying [24]. The value of the option at time t

is given by

V (t) = e−r(T−t)E∗[f(ST )] (28)

where r is the interest rate, T is the expiration date, and E∗[f(ST )] is the expectation

of the risk-neutral random walk with respect to the derivative’s payoff function.

There are hundreds of different options in existence, each with different characteris-

tics that make them unique. Some options are path independent—thus their value

depends only on the final value of the underlying on the date of expiration. Others

are path dependent, and their value depends on the entire path that the security has

taken until the date of expiration. In the research, we consider four different types of

options: European call, Asian call, barrier call, and binary call.

European call options are often considered the most “basic” type of option. Eu-

ropean options are path independent, and thus depend only on the final value of the
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security at expiry. A European call option is a contract in which the holder has the

right to buy a particular asset for a particular price, the strike price K, at some

prescribed time in the future, T [25]. If the asset price is below K at time T , then

the holder will not exercise the call option because he or she can buy the asset on the

open market at lower cost. If the asset price is above K at time T , the holder will

purchase the asset at price K. Thus the payoff of a European call option is given by

max{ST −K, 0}.

Asian call options give the holder the right to buy a security for a prescribed strike

price, or the average price of the security during an agreed upon period. For this rea-

son, an Asian option is path dependent, because its value depends on the path that

the underlying takes until the expiration date. The price of the Asian option is much

less than other vanilla options because the payoff depends on the average of the path

through its life [24]. The payoff of the Asian option is given by max{A−K, 0}, where

K is the strike price and A is the average value of the security during the agreed upon

period. The type of averaging done is important when considering the Asian option.

In this project, we studied the geometric Asian call option, whose payoff is the expo-

nential of the sums of all the logarithms of prices, equally weighted, and divided by

the number of prices used. Furthermore, the geometric average was calculated using

discrete sampling. Only closing prices from trading days were considered, not prices

of the security throughout the day, which could affect the payoff.

Barrier call options are another type of path dependent option whose payoff struc-

ture relies on the path the option takes during the agreed upon period. Certain

properties of the contract come into play when the security price reaches a certain

level. In this project, I consider a discretely measured up-and-out barrier call option.

The up-and-out call option has the payoff of max{S −K, 0}, where K is the strike

price, unless the security’s closing price exceeds some agreed upon price Su during
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the agreed upon period, in which case the contract is terminated. If the security

price never exceeds Su, then the payoff is the difference ST −K. Barrier call options

are popular for traders with very particular views about the market, particularly

traders who believe that movement of the security will be limited prior to expiration

time T and who do not want to pay for the upside potential of a European call option.

Binary call options are path independent, but have a payoff at expiration that is

discontinuous in the underlying security price [24]. A binary call option pays a par-

ticular agreed upon price—denote by J , if the security price is greater than the strike

price K at expiration time T . If the security price is less than the strike price K, it

pays $0. As opposed to a European call, whose payoff grows linearly beyond the strike

price, a binary call can pay J or $0. A binary call is useful to hold when you believe

that the security price will be greater than K, but not much greater—otherwise you

would choose to hold a European call.

3.3 Local Mean Estimation of the Diffusion Function Using

Kernel-Based Techniques

In our research, we estimate the diffusion function nonparametrically using a kernel-

weighted least squares approach. First, combine a proper set of closing price data

{Yt}nt=1 with a set of time data {Xt}nt=0 in n steps to form a set of n tuples {Xt, Yt}.

We then make the transformation {Yt, Yt+1−Yt√
Xt+1−Xt

}. Then, at each point Yt, we solve

a kernel-weighted least-squares problem to fit a polynomial of order p at each point.

The data are weighted by the Epanechnikov kernel given by Kh(u) = 1
h

3
4
(1 − u2)+,

where u = x−x0

h
, x0 is a design point in the data, and h is the kernel bandwidth, the

smoothing parameter for the estimate. In [22], it has been shown that the Epanech-

nikov kernel is the only admissible kernel in nonparametric kernel density estimation.
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By creating a least-squares estimate at each point in a mesh of points, it is possible

obtain an estimate of the volatility function and its first and second derivatives at

each point. [15] This gives us information to fit a spline through the entire mesh of

points. We then apply an interpolating function to the spline to give a computation-

ally tractable volatility function that fits the data.

3.4 Bandwidth Selection in the Local Mean Estimation

As mentioned in the previous section, the selection of the bandwidth parameter h is

very important in estimating the volatility function. At each design point x0 in the

data, h controls the number of and extent to which nearby points affect the estimate

of the function σ at x0. [15] Lower values of h will allow too much influence of

other data points, thus making the estimate overly oscillatory while an overestimate

of h might oversmooth the data. In [3], an algorithm for selecting an appropriate

data-driven bandwidth level is given and was modified and used in our project.

3.5 Tests on Variance: Ratio of Variances

In the project, we are interested in the distribution of option prices under the un-

certainty of volatility estimation. We use real-world stock data to generate Monte

Carlo-simulated option prices under a “no bootstrap” and “with bootstrap” condi-

tion. As result, we have several thousand estimated option prices for different types

of stocks. We are interested in whether there is a statistically significant difference

in the variance of prices, holding all other parameters equal. Thus, we perform sta-

tistical tests on variance on the data. Given a sample size of n1 and n2 from the

two sets of data, we are interested in testing the null hypothesis σ2
1 = σ2

2 against the

alternative hypothesis σ2
1 6= σ2

2. The appropriate critical region for this situation is

given by
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s2
1

s2
2

≥ fα/2,n1−1,n2−1 if s2
1 ≥ s2

2 (29)

and

s2
2

s2
1

≥ fα/2,n2−1,n1−1 if s2
1 < s2

2 (30)

where s2
1 and s2

2 are sample variances and α is the probability of rejecting the null

hypothesis when it is actually true [19].
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4 Results and Implications

In our research, we ran Monte Carlo simulations under the “no bootstrap” and “with

bootstrap” condition for real-world stock data. We used stock data from IBM, Exxon

Mobil, Microsoft, and General Electric stock starting from January 1, 2000 until the

present. For each sample path, we started at the closing price for the stock closest

to January 1, 2000, with a strike price $10 out. Furthermore, each Monte Carlo

simulation was run with 1000 trials, so n1 = n2 = 1000 in each case. Each statistical

test on variance was performed with α = 0.01. Barrier options were modeled as “up-

and-out” call options with $1 given to the holder if the underlying’s closing price did

not break the barrier. Binary options were modeled as giving $1 to the holder if the

underlying’s closing price was not above the barrier at the end of the option’s life. For

each of the following cases, we give s2
n, the sample variance under the no bootstrap

condition, and s2
w, the sample variance under the with bootstrap condition.
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Figure 1: IBM European
Monte Carlo simulation for a European option with no bootstrapping (left) and
with bootstrapping (right) for an IBM stock with starting price $100 and strike

price $110.

4.1 Results - IBM

European: In the no bootstrapping case, s2
n = 0.135. In the with bootstrapping

case, s2
w = 0.163. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥ f0.005,998,998 = 1.

Since s2w
s2n

= 1.203 > 1, we reject the null hypothesis and conclude that the vari-

ances are significantly different.

Asian: In the no bootstrapping case, s2
n = 2.321 × 10−5. In the with bootstrap-

ping case, s2
w = 2.305 × 10−5. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥

f0.005,998,998 = 1. Since s2w
s2n

= 1.58 > 1, we reject the null hypothesis and conclude

that the variances are significantly different.

Barrier: In the no bootstrapping case, s2
n = 1.22 × 10−4. In the with boot-

strapping case, s2
w = 2.44 × 10−4. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 2.003 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.
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Figure 2: IBM Asian
Monte Carlo simulation for a Asian option with no bootstrapping (left) and with
bootstrapping (right) for an IBM stock with with starting price $100 and strike

price $110.

Figure 3: IBM Barrier
Monte Carlo simulation for a barrier option with no bootstrapping (left) and with
bootstrapping (right) for an IBM stock with starting price $100 and strike price

$110.

Binary: In the no bootstrapping case, s2
n = 1.35× 10−4. In the with bootstrapping

case, s2
w = 8.0×10−5. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥ f0.005,998,998 =

1. Since s2w
s2n

= 1.68 > 1, we reject the null hypothesis and conclude that the

variances are significantly different.
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Figure 4: IBM Binary
Monte Carlo simulation for a binary option with no bootstrapping (left) and with
bootstrapping (right) for an IBM stock with starting price $100 and strike price

$110.

Figure 5: XOM European
Monte Carlo simulation for a European option with no bootstrapping (left) and with
bootstrapping (right) for XOM stock with starting price $30.34 and strike $40.34.

4.2 Results - Exxon Mobil (XOM)

European: In the no bootstrapping case, s2
n = 1.94 × 10−3. In the with boot-

strapping case, s2
w = 2.94 × 10−3. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 1.565 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.

Asian: In the no bootstrapping case, s2
n = 2.321 × 10−5. In the with bootstrap-

ping case, s2
w = 2.305 × 10−5. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥

f0.005,998,998 = 1. Since s2w
s2n

= 1.58 > 1, we reject the null hypothesis and conclude
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Figure 6: XOM Asian
Monte Carlo simulation for a Asian option with no bootstrapping (left) and with
bootstrapping (right) for XOM stock with starting price $30.34 and strike $40.34.

Figure 7: XOM Barrier
Monte Carlo simulation for a barrier option with no bootstrapping (left) and with
bootstrapping (right) for XOM stock with starting price $30.34 and strike $40.34.

that the variances are significantly different.

Barrier: In the no bootstrapping case, s2
n = 1.22 × 10−4. In the with boot-

strapping case, s2
w = 2.44 × 10−4. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 2.003 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.

Binary: In the no bootstrapping case, s2
n = 1.35× 10−4. In the with bootstrapping

case, s2
w = 8.0×10−5. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥ f0.005,998,998 =
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Figure 8: XOM Binary
Monte Carlo simulation for a binary option with no bootstrapping (left) and with
bootstrapping (right) for XOM stock with starting price $30.34 and strike $40.34.

1. Since s2w
s2n

= 1.68 > 1, we reject the null hypothesis and conclude that the

variances are significantly different.
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Figure 9: MSFT European
Monte Carlo simulation for a European option with no bootstrapping (left) and with
bootstrapping (right) for MSFT stock with starting price $46.09 and strike $56.09.

4.3 Results - Microsoft (MSFT)

European: In the no bootstrapping case, s2
n = 0.597547. In the with bootstrapping

case, s2
w = 4.10555. Thus s2

w > s2
n, so the critical value becomes s2w

s2n
≥ f0.005,998,998 = 1.

Since s2w
s2n

= 6.87067 > 1, we reject the null hypothesis and conclude that the vari-

ances are significantly different.

Asian: In the no bootstrapping case, s2
n = 868446 × 10−2. In the with bootstrap-

ping case, s2
w = 9.76861 × 10−1. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 11.2484 > 1, we reject the null hypothesis

and conclude that the variances are significantly different.

Barrier: In the no bootstrapping case, s2
n = 2.24773 × 10−4. In the with boot-

strapping case, s2
w = 1.32833 × 10−3. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 5.90963 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.
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Figure 10: MSFT Asian
Monte Carlo simulation for a Asian option with no bootstrapping (left) and with

bootstrapping (right) for MSFT stock with starting price $46.09 and strike $56.09.

Figure 11: MSFT Barrier
Monte Carlo simulation for a barrier option with no bootstrapping (left) and with
bootstrapping (right) for MSFT stock with starting price $46.09 and strike $56.09.

Binary: In the no bootstrapping case, s2
n = 1.54314 × 10−4. In the with boot-

strapping case, s2
w = 2.05195 × 10−3. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 13.2973 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.
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Figure 12: MSFT Binary
Monte Carlo simulation for a binary option with no bootstrapping (left) and with
bootstrapping (right) for MSFT stock with starting price $46.09 and strike $56.09.

Figure 13: GE European
Monte Carlo simulation for a European option with no bootstrapping (left) and

with bootstrapping (right) for GE stock with starting price $36.09 and strike $46.09.

4.4 Results - GE

European: In the no bootstrapping case, s2
n = 9.97703 × 10−3. In the with boot-

strapping case, s2
w = 2.32046 × 10−1. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 23.258 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.

Asian: In the no bootstrapping case, s2
n = 5.37762 × 10−4. In the with boot-

strapping case, s2
w = 9.44296 × 10−3. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 17.5597 > 1, we reject the null hypothesis and
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Figure 14: GE Asian
Monte Carlo simulation for a Asian option with no bootstrapping (left) and with
bootstrapping (right) for GE stock with starting price $36.09 and strike $46.09.

Figure 15: GE Barrier
Monte Carlo simulation for a barrier option with no bootstrapping (left) and with

bootstrapping (right) for GE stock with starting price $36.09 and strike $46.09.

conclude that the variances are significantly different.

Barrier: In the no bootstrapping case, s2
n = 2.17204 × 10−4. In the with boot-

strapping case, s2
w = 1.88664 × 10−3. Thus s2

w > s2
n, so the critical value becomes

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 8.68599 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.

Binary: In the no bootstrapping case, s2
n = 1.36832 × 10−4. In the with boot-

strapping case, s2
w = 5.09473 × 10−4. Thus s2

w > s2
n, so the critical value becomes
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Figure 16: GE Binary
Monte Carlo simulation for a binary option with no bootstrapping (left) and with
bootstrapping (right) for GE stock with starting price $36.09 and strike $46.09.

s2w
s2n
≥ f0.005,998,998 = 1. Since s2w

s2n
= 3.72336 > 1, we reject the null hypothesis and

conclude that the variances are significantly different.

All of the previous results are presented in the following table that gives each stock,

type of option, the start and strike prices used in the simulation, the sample variances

of the no bootstrapping and with bootstrapping conditions, as well as the ratio of the

variances.
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Table 1: List of All Results
Stock Option Start Strike s2

n s2
w Ratio

IBM European 100 110 1.35× 10−1 1.63× 10−1 1.203
Asian 2.45× 10−2 3.87× 10−2 1.58

Barrier 1.95× 10−4 2.15× 10−4 1.102
Binary 2.9× 10−4 2.92× 10−5 1.275

XOM European 30.34 40.34 1.94× 10−3 2.94× 10−3 1.565
Asian 2.321× 10−5 2.305× 10−5 1.005

Barrier 1.22× 10−4 2.44× 10−4 2.003
Binary 1.35× 10−4 8.0× 10−5 1.68

MSFT European 46.09 56.09 5.98× 10−1 4.105 6.871
Asian 8.68× 10−2 9.77× 10−1 11.248

Barrier 2.24× 10−4 1.32× 10−3 5.9096
Binary 1.54× 10−4 2.05× 10−3 13.297

GE European 36.09 46.09 9.97× 10−3 2.32× 10−1 23.258
Asian 5.38× 10−4 9.44× 10−3 17.560

Barrier 2.17× 10−4 1.88× 10−3 8.686
Binary 1.37× 10−4 5.09× 10−4 3.723

As one can see, the the estimates under the with bootstrapping condition have higher

measures of volatility in each case for the four stocks considered. This particular

result has interesting implications for how financial practitioners buy and sell call

options.
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4.5 Implications

As previously mentioned, the Strong Law of Large Numbers and Central Limit The-

orem show that Monte Carlo simulations converge to the true estimate of an option

price with high probability because the simulations rely on random trials. However,

using a fixed volatility estimate versus many bootstrapped volatility estimates has

given estimates with lower volatility in all cases. Thus, accounting for the standard

error in our estimate of the volatility function, the distribution of resulting option

prices has generally higher variance. Therefore, we conclude that practitioners and

researchers interested in pricing financial derivatives should have much less certainty

in their price estimates when fixing a single volatility estimate.

One implication of this research is related to the bid-ask spread. Bid-ask spread is the

difference between the prices quoted for immediate sale (ask) and immediate purchase

(bid) of a derivative. Someone who believes the distribution of call option prices to

have low variance, might think a bid-ask spread is too high and thus assumes that

the cost of an instantaneous transaction is high. Someone using the “with bootstrap-

ping” technique might believe distribution of option prices to have high variance and

believe the opposite.

Financial practitioners use bid-ask spread instead of just a price in their decision

to buy or sell call options. They might look at the upper and lower percentiles of

the distribution of option prices to determine what is reasonable. Using Monte Carlo

simulation with bootstrapped volatility estimation, practitioners might consider more

trades to be reasonable. Thus, a practitioner who sees a particular bid-ask spread

which deviates from his or her simulation might reconsider the way in which their

simulation is done, particularly with respect to whether or not the volatility estimate

is fixed or bootstrapped in their simulation.

Furthermore, there is potential for further research in the subject. There is potential
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to run Monte Carlo simulations under the two bootstrapping conditions on different

assets, including commodities and other stocks, as well as with different strike prices.

Furthermore, many of the options considered have different subcategories. For ex-

ample, I considered only an “up-and-out” barrier call option, where the contract is

terminated if the asset’s price goes above a certain level. I could consider a “down-

and-in” barrier call option, in which the contract is activated only when the asset’s

price goes below a certain level. In any case, the research has to potential to give

interesting results with important implications.
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A Appendix
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Figure 17: IBM price time series
IBM price fluctuations since January 1, 2000.
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Figure 18: Exxon-Mobil price time series
Exxon-Mobil price fluctuations since January 1, 2000.
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Figure 19: Microsoft price time series
Microsoft price fluctuations since January 1, 2000.
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Figure 20: General Electric price time series
General Electric price fluctuations since January 1, 2000.
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